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1. INTRODUCTION

Cette these vise a approfondir les liens entre la géométrie différentielle et
la théorie de 1’élasticité, linéaire ou nonlinéaire. En s’appuyant sur cette ana-
logie, notre objectif est de déduire des résultats nouveaux tant en élasticité
(chapitres 1 et 2), qu’en géométrie différentielle (chapitres 3 et 4). Dans un
appendice a cette these, nous présentons quelques résultats d’analyse utilisés
dans la thése et dont la démonstration n’est pas toujours facile a trouver
dans la littérature.

La théorie de I’élasticité étudie les déformations des solides élastiques
sous 'effet d’efforts extérieurs. Transposé en géométrie différentielle, ce pro-
bleme revient & étudier les immersions (I’équivalent d’une déformation) dans
Pespace euclidien tridimensionnel d’une variété différentielle (I’équivalent du
solide dans une configuration donnée). Les liens entre les différents points
matériels du solide dans une configuration donnée sont modélisés par une
métrique définie sur la variété différentielle correspondante. Ces liens
changent lorsque le solide subit une déformation, ce qui correspond a un
changement de métrique définie sur la variété différentielle.

Le probleme statique en élasticité nonlinéaire consiste a déterminer la
déformation du solide minimisant le changement des liens entre les points
matériels du solide (mesuré pour une certaine norme) effectué pour répondre
a un effort extérieur. En géométrie différentielle, ce probleéme revient a
déterminer 'immersion d’une variété différentielle dans ’espace euclidien
tridimensionnel minimisant le changement de métrique (pour une certaine
norme) entre I'image de la variété par I'immersion et la variété elle-méme.
En élasticité linéarisée, ce changement de métrique est remplacé par sa par-
tie linéaire par rapport au champ de déplacements, c’est-a-dire le champ
de vecteurs reliant les points de la variété différentielle a leurs images par
I'immersion.

En élasticité tridimensionnelle (respectivement bidimensionnelle), la géo-
métrie du solide est modélisée par une variété différentielle tridimensionnelle
(respectivement bidimensionnelle) plongée dans l’espace euclidien tridimen-
sionnel identifié & R3. La possibilité de passer d’une variété bidimensionnelle
a une variété tridimensionnelle en rajoutant une troisieme dimension le long
des normales a la variété bidimensionnelle constitue I'idée centrale de notre
preuve de I'inégalité de Korn sur une surface présentée dans le premier cha-
pitre.

Le caractere tensoriel des termes apparaissant dans cette inégalité nous
conduit dans le second chapitre a une généralisation de cette inégalité a
des surfaces définies par plusieurs cartes locales, dont les surfaces sans bord
constituent I’exemple typique.

L’équivalence des approches extrinseque et intrinseque en géométrie dif-
férentielle (voir par exemple [17, 36, 42, 43, 44, 59, 63, 65, 66, 68]) permet
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de considérer la métrique comme l'inconnue du probleme de 1’élasticité tri-
dimensionnelle en lieu et place de I'immersion réalisant cette métrique (im-
mersion qui correspond au champ de déformations du solide). En effet, ’on
peut recouvrir une telle immersion & partir d’une métrique donnée, pourvu
que cette derniere soit suffisamment réguliere et satisfasse les équations de
Riemann-Christoffel. Comme la solution du probléme de I’élasticité statique
minimise une fonctionnelle définie par l'intégrale d’une certaine densité, il
convient de la chercher dans des espaces de fonctions de faible régularité, en
particulier dans des espaces de type Sobolev. Ceci nous a amené a considérer
dans le troisieme chapitre le probleme du recouvrement d’une immersion
isométrique pour les variétés de Riemann peu régulieres.

Enfin, le probléme analogue en élasticité bidimensionnelle nous a conduit
a étudier dans le quatrieme chapitre le probleme du recouvrement d’une
surface a partir de ses premiere et deuxieme formes fondamentales sous des
hypotheses de régularité faibles de ces formes.

Nous présentons maintenant d’une maniere générale les travaux de cette
these, puis nous préciserons 1’énoncé de nos résultats chapitre par chapitre.

L’inégalité de Korn sur une surface joue un role essentiel dans la théorie
de coques linéairement élastiques puisqu’elle permet d’établir 'existence
d’une solution pour le modele linéaire de Koiter d’une part (voir e.g. Berna-
dou, Ciarlet et Miara [7], Blouza et Le Dret [8], Ciarlet [24]), et intervient
dans I’analyse asymptotique de coques élastiques d’autre part (voir e.g. Ciar-
let, Lods et Miara [28], Ciarlet [24]). Elle affirme que I'on peut controler le
champ de déplacements d’une surface (mesuré en une norme appropriée de
type Sobolev) par les tenseurs linéarisés de changement de métrique et de
courbure de la surface, mesurés en norme L?. Cette inégalité a été établie par
Bernadou et Ciarlet [6]. Une preuve plus simple a été donnée dans Ciarlet
et Miara [31]. Enfin, Blouza et Le Dret [8] I'ont établie sous des hypotheses
de régularité plus faibles sur la surface.

L’objet du premier chapitre, qui est un travail en commun avec Phi-
lippe G. Ciarlet, est d’établir que cette inégalité est une conséquence de
I'inégalité de Korn tridimensionnelle en coordonnées curvilignes, elle-méme
pouvant étre déduite de I'inégalité de Korn classique (posée en coordonnées
cartésiennes), a savoir

IV + (Ve) ' 20y > Cllw] g )

pour tout u € H'(£2;R?) s’annulant sur une partie de mesure non-nulle du
bord de €, ot © est un ouvert borné et connexe de R3 et C' > 0 est une
constante. Nous souhaitons indiquer ici qu’un résultat analogue a été établi
par Akian [2].

L’inégalité de Korn sur une surface établie au premier chapitre s’ap-
plique uniquement & des surfaces définies par une seule carte. Ce travail
pose naturellement la question de savoir si cette restriction est essentielle.
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Nous répondons a cette question dans le deuxieme chapitre, en établissant
une inégalité de type Korn sur une surface compacte sans bord. Cette
inégalité est en fait valable pour toutes les surfaces pouvant étre définies
par un nombre fini de cartes locales, comme c’est le cas des surfaces com-
pactes.

Considérons maintenant un espace riemannien (2, g), ou  est un ou-
vert connexe et simplement connexe de R% et g est une métrique rieman-
niene sur €2, et supposons que le tenseur de courbure de Riemann associé
a la métrique g s’annule. Si la métrique est de classe C2, alors un résultat
classique en géométrie différentielle (voir e.g. Blume [9], Choquet-Bruhat,
Dewitt-Morette et Dillard-Bleick [20], Spivak [63] pour le résultat local ou
Ciarlet et Larsonneur [26] pour le résultat global) montre que 'espace rie-
mannien peut étre plongé dans l’espace euclidien d-dimensionnel par une
immersion isométrique. Autrement dit, il existe une application © : Q — R¢
de classe C? réalisant cette métrique, i.e.

(VO)I'Ve = g dans Q.

De plus, Papplication © est unique aux isométries de R? pres. Ce résultat
a été étendu récemment dans C. Mardare [49] pour des métriques de classe
Ccl.

L’objet du troisieme chapitre est d’affaiblir davantage les hypotheses
de régularité sur la métrique sous lesquelles I’espace riemannien (£2,g) est
plongé dans R?. Plus précisément, nous montrons que si la métrique est lip-
schitzienne localement, alors il existe une immersion isométrique ©, unique
aux isométries de R pres, réalisant cette métrique ('application et ses
dérivées partielles du premier ordre étant lipschitziennes localement).

La principale difficulté dans ce chapitre est de résoudre un systéme de
Pfaff dont les coefficients sont seulement de classe L{ , alors que dans le cas
classique les coefficients de ce systeme sont de classe C.

Considérons enfin un champ de matrices symétriques définies positives
d’ordre deux (asg) et un champ de matrices symétriques d’ordre deux (byg)
et supposons qu’ils vérifient ensemble les équations de Gauss et de Codazzi-
Mainardi dans un ouvert w de R%. Si le premier champ de matrices est
de classe C? et le deuxieme champ de matrices est de classe C!, alors le
théoreme fondamental de la théorie des surfaces (voir, e.g., do Carmo [15]
et Klingenberg [44]) affirme qu'il existe localement une surface S dont les
champs de matrices (aqg) et (byz) sont respectivement les composantes co-
variantes des premiere et deuxieme formes fondamentales.

Les hypotheses de ce théoreme ont été affaiblies dans Hartmann et Wint-
ner [41] : 'existence de la surface S est assurée dans 'espace C?(w; R?) si ans
et bag sont respectivement de classe C'(w) et C%(w) et satisfont ensemble
les équations de Gauss et de Codazzi-Mainardi sous une forme intégrale le
long des courbes de Jordan de classe C'! contenues dans w.

L’objet du quatrieme chapitre est de montrer que ce résultat reste vrai
sous I'hypothese que le champ de matrices (aqsg) est lipschitzien localement
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et le champ de matrices (byg) est mesurable et essentiellement borné loca-
lement. Nous revenons aux équations classiques de Gauss et de Codazzi-
Mainardi (et non pas sous une forme intégrale comme dans Hartmann et
Wintner [41]) et supposons qu’elles sont satisfaites au sens des distributions.
Lorsque 'ouvert w est simplement connexe, on montre ’existence globale de
la surface immergée S (c’est-a-dire que la carte définissant S est définie sur
tout w), ainsi que I'unicité aux isométries de R? pres.

Nous précisons maintenant 1’énoncé de nos résultats. Nous renvoyons le
lecteur aux différents chapitres de cette these pour les preuves et la biblio-
graphie complete.

CHAPITRE [ : Sur les inégalités de Korn en coordonnées
curvilignes

Le travail de ce premier chapitre a été fait en collaboration avec Philippe
G. Ciarlet.

Dans ce chapitre, nous considérons une surface définie par une seule
carte. Dans ce cas, 'inégalité de Korn sur une surface s’énonce ainsi : Soit
S := 0(w) une surface plongée dans l'espace euclidien tridimensionnel iden-
tifié & R3, otl w C R? est un ouvert borné, connexe, de frontiere lipschitzienne
et @ : w — R3 est une immersion injective de classe C dans @. Alors il existe
une constante C' > 0 telle que

2 2 2 2
W IvIZae + DomIZae = € (In ) + Im )2
pour tout n € V(w). Dans cette inégalité, v(n) est le tenseur linéarisé
de changement de métrique, p(n) est le tenseur linéarisé de changement de
courbure entre la surface 8(w) et la surface déformée (6 + n)(w), et

V(W)= {n=n.+mn,; n, € H) («;R%),n, € H2 (w;R*)}.

Les champs de vecteurs n. et i, désignent respectivement les composantes
tangentielle et normale (& la surface S) du champ de vecteurs n, o désigne
une partie de mesure strictement positive de la frontiere de w, H710 (w; R3)
désigne l’espace des champs de vecteurs de classe H' dans  s’annulant sur
Y0, €t Hgo (w;R3) désigne I'espace des champs de vecteurs n € H?(w;R?)
tels que m et sa dérivée normale s’annulent sur .

L’inégalité de Korn sur une surface (1) a été établie par Bernadou et
Ciarlet [6]. D’autres preuves se trouvent dans [7, 8, 24, 31].

Cette inégalité est ’analogue en élasticité bidimensionnelle de 1’inégalité
de Korn tridimensionnelle en coordonnées curvilignes : Soit © : Q — ©(Q) C
R3 un difféomorphisme de classe C?, oi1 Q est un ouvert connexe et borné
de R? de frontiere T lipschitzienne. Alors il existe une constante C' > 0 telle
que

(2) le()l[z2@) = Cllvll (o) pour tout v € V(€),



Introduction 11

ou e(v) est le tenseur linéarisé de changement de métrique entre la variété
tridimensionnelle ©(Q) et la variété déformée (© + v)(12) et

V(Q):={ve H(QR?);v =0 sur Ty},

I’y étant une partie de mesure strictement positive de T'.

L’inégalité de Korn tridimensionnelle en coordonnées curvilignes peut
étre établie comme une conséquence de l'inégalité de Korn classique (en
coordonnées cartesiennes) ou par une preuve directe comme dans Ciarlet
[21, 24]. Pour ’énoncé et la démonstration de 'inégalité de Korn classique
nous renvoyons le lecteur & e.g. Ciarlet [22], Duvaut et Lions [35] ou Taylor
[67] .

L’objet de ce chapitre est d’établir que les inégalités (1) et (2) ci-dessus
sont en fait reliées :

Théoréme 1. L’inégalité de Korn sur une surface est une conséquence de
linégalité de Korn tridimensionnelle en coordonnées curvilignes.
Autrement dit, l'inégalité (1) est une conséquence de l'inégalité (2).

La démonstration repose sur le relevement de la surface S = 6(w) a une
variété tridimensionnelle avec bord ©(€)y) défini par

O(y, z3) := 0(y) + x3a3(y) pour tout (y,z3) € o,

ou az(y) est un vecteur unitaire normal a la surface S au point 8(y) et
Qp := wx|—eo, eo[, avec gy suffisamment petit (tel que © soit une immersion
injective).

Les éléments de 'espace V g(w) (i.e. les déplacements de la surface )
sont aussi relevés a des éléments de I'espace V' (§p) (i.e. les déplacements de
la variété tridimensionnelle ©()y)) par I'application linéaire

F:neVgw)—veV(Q)

définie par v(-,23) = 1 — 23(04m - a3)a®, ou (a'(y),a?(y)) désigne la base
contravariante du plan tangent & la surface S au point 6(y).

Le théoréme ci-dessus est alors obtenu comme une conséquence du lemme
suivant :

Lemme 1. 1] existe € €]0,e9] tel que Uapplication F : V g(w) — V (), ou
Q= wx] —¢g,¢[, soit un isomorphisme entre les espaces de Hilbert V i (w)
et

VKL(Q) = {’U S V(Q), 0jv - 030 + O3v - 0,0 = 0}.

Il est a remarquer que le lemme ci-dessus donne en particulier une ca-
ractérisation des champs de déplacement de Kirchhoff-Love linéarisés a 1’in-
térieur d’un corps ayant la géométrie de la variété ©(€2).

La preuve de ce lemme se fait en plusieurs étapes. D’abord, nous mon-
trons que 'application F' est continue, injective, et que son image est ’espace
V k() défini ci-dessus. A partir de la, le théoreme du graphe fermé en-
traine que l'application inverse de F' est aussi continue, ce qui conclut la
preuve du lemme.
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L’inégalité de Korn sur une surface (voir (1)) est ensuite obtenue en
combinant I'inégalité inverse donnée par le lemme ci-dessus avec 'inégalité
de Korn tridimensionnelle en coordonnées curvilignes (voir (2)) appliquée
aux champs de vecteurs v appartenant au sous-espace V i1, (£2) de V().

CHAPITRE II : Inégalité de type Korn sur une surface compacte

Dans ce chapitre, une surface réguliere de classe C* est un sous-ensemble
connexe S de R? qui est localement I'image d’un ouvert de R? par une
immersion injective de classe C*, I'image étant un ouvert relatif dans S
(voir e.g. do Carmo [15] ou Klingenberg [44]).

Le premier pas vers I'obtention d’une inégalité de type Korn sur une
surface compacte (donc sans bord, vu la définition ci-dessus) est d’établir
qu’une telle surface peut étre définie a ’aide d’un nombre fini de cartes lo-
cales définies sur des ouverts connexes, bornés et de frontiere lipschitzienne.

Le modele de Koiter, défini usuellement en coordonnées locales sur la
surface, est récrit ensuite sous une forme intrinseque, a savoir

¢ € H(S) @ Hy(S),
/A(C,n)ds—/f-nds pour tout n € HL(S) ® HA(S),
S S

ce qui nous permet de le transposer verbatim dans le cas d’'une surface com-
pacte. Dans ce modele, 'application bilinéaire A({, n) est définie en fonction
des tenseurs de ’élasticité bidimensionnelle et de changement linéarisé de
métrique et de courbure. L’expression exacte n’est pas essentielle a ce stade,
il suffit de savoir qu’elle vérifie 'inégalité

Al = € (In)lgzqs) + ot s))

pout tout n € HL(S) @ HZ(S), ot C > 0 est une constante. La notation
n € HL(S) @ H2(S) signifie que les parties tangentielle et normale (& la
surface S) de n sont respectivement dans H'(S) et H?(S).

Avec toutes ces notations, le résultat principal du deuxiéme chapitre
s’énonce ainsi :

Théoréeme 2. Soit S une surface réguliére compacte de classe C3. Alors il
existe une constante ¢ > 0 telle que

(Il sy + lo(mlLzzqs)) = ellitly s pour tout 7 € V(S),

ot m est un représentant arbitraire de 1), V(S) est l'espace quotient défini
par
(H(S) ® H}(S))/ker B,
et ker B := {n € HA(S) & H(S); 7(n) = p(n) = 0}.
Une conséquence immédiate de ce théoreme est que le modele de Koiter
défini ci-dessus est bien posé sur l'espace quotient V'(.5).
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Il est a remarquer que cet espace quotient est isomorphe a un sous-espace
de codimension 6 de I'espace H(S)® H?2(S) et que I’espace ker B peut étre
caractérisé explicitement, a savoir

kerB:{SBpHc+d/\07)9; c,d € R*}.

Ce résultat est obtenu a partir du lemme des déplacements rigides infi-
nitésimaux pour des surfaces définies par une seule carte.

L’idée de la preuve du théoreme ci-dessus est d’appliquer I'inégalité de
Korn sans conditions au bord (le premier membre de l'inégalité de Korn
usuelle (1) contient alors le terme supplémentaire |[1{[fz2(,,)) pour chaque
surface définie par une carte locale. Ces inégalités seront ensuite récrites
dans un cadre fonctionnel plus général permettant d’utiliser des méthodes
d’analyse fonctionnelle concernant les espaces quotient. L’inégalité de Korn
sur une surface compacte est alors une conséquence du résultat d’analyse
fonctionnelle suivant :

Lemme 2. Soit (E, || - ||) un espace de Banach, soit | - | une seminorme
définie sur E et soit (E, |- ||o) un espace normé tel que

(i) ECE,

(i) Uinclusion (E,| - |) — (E, || - |lo) est compacte,

(iii) il existe deux constantes c,co > 0 telles que
clz| < ||lz|| < co(||z|lo + |z|) pour tout x € E.
Alors il existe une constante C > 0 telle que
12l g/r < Cl2|g/p pour tout T € E/F,

ou F:={x € E; |z| =0}, ]\J%HE/F = inf,es [|z]] et ‘QAU’E/F = inf,ez |x|.

La preuve de ce lemme se trouve dans le corps de la these. Nous souhai-
tons indiquer ici qu’un résultat voisin, mais non équivalent, d’analyse fonc-
tionnelle 1lié a la théorie de 1’élasticité tridimensionnelle a été établi dans
Duvaut et Lions [35].

CHAPITRE III : Sur les immersions isométriques d’un espace de
Riemann

Dans ce chapitre, ainsi que dans le suivant, on utilise la convention sui-
vante pour les classes de fonctions modulo la relation d’égalité presque par-

tout : si f € L (), nous utilisons toujours le représentant f donné par

1
f(z) == liminf ——— f(y)dy,
=0 |B(z,¢)| JB(ze)

olt f est un représentant quelconque de la classe f € L% () (cette définition

est clairement indépendante du choix du représentant f). De méme, pour
fe W'I})’COO(Q), nous utilisons le représentant continu f de f. Par souci de
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simplicité, la méme notation est utilisée pour la classe et son représentant,
la distinction devant étre claire d’apres le contexte.

Nous considérons dans le troisieme chapitre une métrique riemannienne
définie dans un ouvert © C R? par un champ de matrices symétriques
définies positives (g;;) d’ordre d et 'on suppose que son tenseur de cour-
bure de Riemann s’annule, i.e., que

0Tt — 9% + T

l

pour tout 4,7, k,p € {1,2,...,d}, ou

Iy = égkl (0igji + Ojgui — Agij)
sont les symboles de Christoffel associés a la métrique (g;;).

L’objet de ce chapitre est d’établir, sous des hypotheses faibles de ré-
gularité sur la métrique, que 'espace riemannien (£2; (gi;)) peut étre plongé
localement dans l'espace euclidien d-dimensionnel identifié & R? par une
immersion isométrique. Autrement dit, pour tout point z € 2, il existe un
voisinage V de z et une application © : V — R? telle que

(o) = i) )

pour tout x = (x1,x9,...,x4) € V. Lorsque l'ouvert € est connexe et sim-
plement connexe, il existe une immersion isométrique définie sur §2 tout
entier, c’est-a-dire que V = () dans la définition ci-dessus. De plus, une telle
immersion isométrique © est unique aux isométries de R pres.

Dans le cas ol la métrique est de classe C?, ce résultat est classique.
Nous renvoyons le lecteur a Spivak [63] pour une preuve du résultat local et
a Ciarlet et Larsonneur [26] pour une preuve du résultat global. Voir aussi
[9, 18, 20, 65]. Dans le cas ot la métrique est seulement de classe C'*, une
preuve du résultat global se trouve dans C. Mardare [49].

Le but de ce chapitre est d’établir I’existence, avec unicité aux isométries
de R? pres, d’une immersion isométrique © lorsque la métrique est lipschit-
zienne localement. Comme le résultat local est évidemment une conséquence
du résultat global, seulement ce dernier est énoncé :

Théoreme 3. Soit Q un ouvert connexe et simplement connexe de R*. On
considére une métrique définie sur @ par un champ de matrices (gij) €
VVli’COO(Q, S2) dont le tenseur de courbure de Riemann s’annule au sens des
distributions.
(i) Alors il existe une application © € VVlifO(Q, RY), unique aux isométries
de R pres, telle que
OZ@ . 8J® == gij in Q.

(ii) Si (gi;) € WH(;82), (gi5) ™1 € L= (M), et le diamétre géodésique
de louvert Q est fini, alors © € W2>(Q; RY).
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Notons que le diametre géodésique d’un ouvert borné, connexe, simple-
ment connexe et qui satisfait la proprieté du cone est toujours fini.
Le point central de la preuve du théoreme ci-dessus est la résolution du
systeme matriciel
0;F = FT'; dans (),

ou les coefficients I'; sont des champs de matrices définies par les symboles
de Christoffel associés a la métrique (gs5), i.e.,

Fi:(FZ)ZQ—)Md

On a affaire ici a un systeme de Pfaff dont les coefficients sont de classe
L7s. et satisfont les équations de compatibilité

8Z'Fj — 65-1“1- + FiFj — F]’Fi =0

au sens des distributions. En effet, I’'on observe que ’ensemble de ces condi-
tions est équivalent a I'annulation du tenseur de courbure de Riemann as-
socié a la métrique définie par le champ de matrices (g;;).

La résolution d’un tel systéeme est standard lorsque les coefficients sont
de classe C! (ou en raisonnant comme dans [49] lorsqu’ils sont de classe C?)
et est basée sur 'intégration de ces équations le long des courbes dans 2
(voir Cartan [18], Malliavin [48], Thomas [69]). Ces méthodes ne peuvent
s’appliquer dans le cas ol les coefficients I'; sont de classe L°°, en particulier
parce qu’on ne peut définir leurs restrictions a toutes les courbes de €. 11
est a remarquer également qu’une méthode d’approximation basée sur la
régularisation par convolution des coefficients I'; ne peut aboutir car les
équations de compatibilité ci-dessus sont non linéaires.

La nouveauté par rapport a la preuve classique est résumée dans le
résultat d’existence et unicité suivant pour un systeme de Pfaff a coefficients
peu réguliers :

Lemme 3. Soit Q un ouvert conneze et simplement conneze de R?, soit 29
un point de Q, et soit YO une matrice de M%*. On se donne des champs de
matrices Ao € L (M) et B, € L2 (Q; M%) tels que
O0aAp+ AaAp = 03A0 + AgAs dans D' (Y Ml),
daBg + BoAg = 03By + BsA, dans D'(Q;M?)
pour tout o, B € {1,2,...,d}.
(i) Alors il existe une solution unique Y € W'l(l)fo(Q;Mq’l) du systeme
0aY =Y Ay + By dans D' (Q; M?1),
Y(z%) =Y°
(ii) Si de plus le diamétre géodésique de l’ensemble Q2 est fini et les
champs de matrices A, et B, appartiennent respectivement aux espaces

L®(Q; M) et L°(Q; M%), alors la solution Y du systéme ci-dessus appar-
tient a Uespace W1 (€; M%),
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La démonstration de ce lemme se fait en deux étapes : D’abord, on
résout localement ce systeme dans tout parallélépipede inclus dans €2 en
intégrant succesivement les équations du systeme le long de certaines “lignes
d’intégration admissibles”. Ensuite, on recolle ces solutions locales grace a
un résultat d’unicité démontré au préalable d’une part, et au fait que ’ou-
vert ) est simplement connexe d’autre part. Nous souhaitons indiquer ici
que cette méthode permettant de passer du résultat local au résultat glo-
bal ne demande aucune régularité sur la frontiere de §2 et peut s’appliquer
dans d’autres situations, en particulier pour montrer que 'ont peut déduire
le résultat global classique, c’est-a-dire pour une métrique réguliere, a par-
tir du résultat local. Notons enfin que lexistence des “lignes d’intégration
admissibles” mentionnées ci-dessus est assurée par un théoreme de type
Lebesgue-Besicovitch, énoncé ici sous la forme :

Lemme 4. Soit f € Li. (R?). Alors il eziste un ensemble X4 C R de mesure
nulle tel que

f(,Zq) € L (R et llm/xd+€/ ’f 7' xy) (Jrl,fdﬂdx:()

e—0 2¢

pout tout ouvert borné w' C R¥~1 et tout Tz € R \ Xg.

L’idée de la preuve, utilisée dans Evans et Gariepy [37] dans un contexte
différent, consiste a utiliser la séparabilité de I'espace Ll(]R{d_l) pour appro-
cher la fonction f(-,Z4) par une suite de fonctions ¢,, puis d’appliquer le
théoreme de différentiation de Lebesgue-Besicovitch (voir [55, 71]) aux fonc-
tions

g ER — / |f(x’,xd) — qn(x’)l dax’.

CHAPITRE IV : Sur le théoréme fondamental de la théorie des
surfaces

On considere un champ (a,g) de matrices symétriques définies positives
d’ordre deux et un champ (b,3) de matrices symétriques d’ordre deux définis
dans un ouvert connexe et simplement connexe w de R?. On suppose que
les fonctions a.g et byg sont respectivement de classe C? et C' dans w et
qu’elles satisfont ensemble les équations de Gauss et de Codazzi-Mainardi,

0,075 — gL + D900 —T7 T7 5 = bagh] — bas b,

ayt o
8717045 — 8gb(w + Fgﬁbg,y — Fayboﬁ = 0.
pour tout a, 3,7v,7 € {1,2}. Les symboles de Christoffel I'0s associés a la
métrique (ang), ainsi que d’autre notations, sont définis dans le corps de la
these.
Sous ces hypotheses, le théoreme fondamental des surfaces (voir, e.g.,

Ciarlet et Larsonneur [26], Jacobowitz [42], Klingenberg [44]) affirme qu’il
existe une application 6 : w — R3 de classe C? telle que les composantes
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covariantes des premiere et deuxieme formes fondamentales de la surface
immergée S = O(w) (ici, comme dans toute la theése, les composantes co-
variantes sont associées a la carte @) sont respectivement donnés par les
champs de matrices (ang) et (bag), i-e.,

010 N 020
|819 VAN 820’

Ce résultat contient un “paradoxe de différentiabilité” (voir Hartmann
et Wintner [40]) dans le sens que les premiere et deuxieme formes fondamen-
tales peuvent étre définies pour toute surface S de classe C? (elles sont alors
respectivement de classe C! et C?), alors que pour reconstruire une surface
partir des premiere et deuxieme formes fondamentales données, ces dernieres
doivent étre respectivement de classe C? et C'!. Néanmoins, Hartmann et
Wintner ont montré dans [41] qu’il est possible de reconstruire une surface
a partir des premiere et deuxieme formes fondamentales respectivement de
classe C' et C% & condition qu’elles satisfassent ensemble les équations de
Gauss et de Codazzi-Mainardi sous une forme intégrale, c’est-a-dire

000 - 080 = anp et 0,30 - = bop dans w.

jC<r;1dy1+-r;2dyz>=:]£ (TEATS, =TT = boab + boab) dy
om

[ bordis + bosdye) = [ (%1002 = Tbn) dy

J domJ

pour tout o, 7 € {1,2} et toute courbe Jordan J C w de classe C', ot dom.J
désigne I'ouvert borné de R? dont J est la frontiere.

Le résultat principal de ce chapitre est d’établir que le théoreme fonda-
mental des surfaces reste vrai sous des hypotheses de régularité encore plus
faibles. Il s’énonce ainsi :

Théoreme 4. Si les champs de matrices (aag) € VVII’OO(w;Si) et (bag) €

ocC

LiX (w; S?) satisfont ensemble les équations de Gauss et de Codazzi-Mainards,

i.e., pour tout a, 3,7, T € {1,2},
0Ty 5 — 05T, + 10500, —T0.T05 = bagbl, — baybj,

«

a,ybaﬁ — 8[31)&7 + Fgﬂbmf — ngbgg =0,

au sens des distributions, alors il existe une application 6 € M/Ii’fo(w,R?)),
unique aux isométries propres de R® pres, telle que les composantes cova-
riantes des premiere et deuxiéeme formes fondamentales de la surface im-
mergée S = 0(w) soient respectivement donnés par les champs de matrices
(aap) et (bag)-

De plus, si le diametre géodésique de l'ouvert w est fini, ang € Whee(w),
bag € L®(w), et (anp)™t € L°(w,M?), alors Uapplication 6 appartient a
Iespace W% (w, R3).

La démonstration de ce résultat repose d’abord sur ’observation que les
équations de Gauss et de Codazzi-Mainardi sont satisfaites si et seulement
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si I’équation matricielle suivante est satisfaite au sens des distributions pour
tout o, f € {1,2} :

aar/g + I‘al“ﬁ = aﬂfa + Fﬁl“a.
Les champs de matrices 'y : w — M3 sont définies par

Tar Taz —ba

o= | 12 12, 82
bocl baZ 0

et sont de classe Ly . Il est a remarquer que les équations de Gauss et de
Codazzi-Mainardi se ramenent ainsi & un systeme d’équations matricielles
ayant exactement la méme forme que le systeme d’équations matricielles
correspondant & l'annulation du tenseur de courbure de Riemann associé a
une métrique (g;;) mentionné au troisieme chapitre.

Ainsi, grace au Lemme 3 (page 15) démontrée au troisieme chapitre, il
existe un champ de matrices F' € VVli)fo (w; M3) satisfaisant le systeme de
Pfaff

0o F = FT,.

Nous montrons ensuite que les deux premieres colonnes du champ de
matrices F' sont les dérivées de ’application recherchée 6, dont 1’existence
est donnée par un théoreme de type Poincaré. Le reste de la preuve consiste a
démontrer que les composantes covariantes des premiere et deuxiéme formes
fondamentales de la surface immergée S = 0(w) sont effectivement les com-
posantes des champs de matrices (aqg) et (bas), puis que cette application
0 est unique aux isométries de R3 pres.

APPENDICE

Dans cette derniere partie de la these, on fournit d’une part les preuves
completes de certains résultats d’analyse qui ont été utilisés dans les cha-
pitres 3 et 4 et I’on établit d’autre part une version plus générale du Lemme
3 ci-dessus (page 15).

On établit en particulier une formule de changement de variables pour
des fonctions de classe W5 dans un ouvert de R% sous des hypotheses
plus faibles que celles trouvées habituellement dans la littérature (voir par
exemple Brezis [14], Proposition IX.6). Ce résultat s’énonce comme suit :

Théoréeme 5. Soit Q et Q deuz owverts de RY, soit f € WH® (), et soit
G € CY(Q;RY) une application telle que

G(Q) cQ, VG e LMY et L9z e Q; Jg(z) =0}) =0,
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ot les notations Jg et LT désignent respectivement le Jacobien de l'applica-
tion G et la mesure de Lebesque dans R%. Alors f o G € Wh°(Q) et
d
0i(foG) = Z(ajf 0 G)0;Gj pour tout i € {1,...,d}.
j=1

Il est & remarquer que 'application G peut étre ni injective, ni surjective.
Dans la démontration de ce résultat, on utilise le lemme suivant qui est
essentiellement la réciproque du théoreme de Sard.

Lemme 5. Soit D un ouvert de R? et soit G € C'(D;R?) une application

telle que la L%-mesure de Uensemble {x € D;Jg(xz) = 0} s’annule. Alors
LYGT1(A)) = 0 pour tout ensemble A C R? tel que LIY(A) = 0.

Il est a remarquer que ce résultat est implicitement utilisé lorsque ’'on
définit la composition f o G entre une classe de fonctions f modulo 1’égalité
presque partout et une application G correspondant a un changement de
variable.
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CHAPITRE 1

Sur les inégalités de Korn en coordonnées
curvilignes

RESUME. On montre comment 1'inégalité de Korn sur une surface régu-
liere peut étre établie comme un corollaire de 'inégalité de Korn tridi-
mensionnelle, exprimée elle aussi en coordonnées curvilignes.

Ce travail a été fait en collaboration avec Philippe G. CIARLET. 1l a fait
I'objet des publications suivantes :

CIARLET P.G., MARDARE S., On Korn inequalities in curvilinear coordi-
nates, Math. Models Methods in Appl Sci 11, no. 8, 2001, 1379-1391.

CIARLET P.G., MARDARE S., Sur les inégalités de Korn en coordonnées
curvilignes, C.R. Acad. Sci. Paris, sér. I, 331, 2000, 337-343.
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On Korn’s inequalities in curvilinear

coordinates

Joint work with Philippe G. CIARLET.

ABSTRACT. We show how the inquality of Korn’s type on a surface can
be established as a corollary to the three-dimensional Korn inequality in
curvilinear coordinates. The proof relies in particular on a careful study
of the linearized Kirchhoff-Love displacement fields inside a “shell-like”
body.

1. THE THREE-DIMENSIONAL KORN INEQUALITY IN CURVILINEAR
COORDINATES

The Euclidean inner product and the exterior product of a,b € R? are
denoted a- b and a A b and the Euclidean norm of a € R? is denoted |al.
Latin indices and exponents vary in the set {1,2,3}. A domain in R? is
a bounded, open and connected subset of R3, with a Lipschitz-continuous
boundary T, the set Q being locally on one side of I'. The norms in L?(£2)
and H'(Q) are denoted |- |pq and || - [|1.0. If v = (v;) € HY(Q) = (H'(Q))3,
then [|[v|j10 := {3, luill; o }'/>.

It is well known that the three-dimensional Korn inequality plays a fun-
damental role in three-dimensional linearized elasticity. While it is usually
established in Cartesian coordinates (see e.g. Duvaut and Lions [18]), it can
also be directly established in curvilinear coordinates, as shown by Ciarlet
[9] (see also Theorem 1.7-4 of Ciarlet [11]). It takes then the following form:

Theorem 1.1. Let Q be a domain in R3 with boundary T, and let Tg be a
measurable subset of ', with areal'g > 0. Define the space

V(Q) :={v=(v) € H(Q); v=0 onTy}.
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Let ©® € C3(S;R3) be a C2-diffeomorphism of Q0 onto its image ©().
Then there ezists a constant C' = C(2,L'g, ®) such that
1/2

IVie <O leai(Ve
i’j
for all v € V(Q), where
1
eillj (V) == 5 Wiy + vji)-
A generic point in Q being denoted z = (z;), we let 9; := 9/dz;. We
recall that the covariant derivatives v;; and the Christoffel symbols I’fj
associated with the mapping © : Q — R3 are defined by

vy|)j = Ojvi — F?jvp = 3j(vkgk) -g; and Ty =gl 0;gj,

where
gi = 0,0
and the vectors g7 are defined by the relations
gl g = 5f
For details about these classical notations, see e.g. Sec. 1.4. of Ciarlet [11].
The three-dimensional Korn inequality “in curvilinear coordinates” of
Theorem 1.1 thus displays one tensor, the linearized change of metric tensor

associated with a displacement field v;g of the set @(2). This tensor is
represented here by means of its covariant components e;; (v) expressed as

functions of the curvilinear coordinates of the set ©(£2), i.e. the coordinates
x; of the points # € ). The interpretation of this tensor, as the linearized
part “around v = 0” of the “full” change of metric tensor associated with
the field v;g, is given in Theorem 2.4-1 of Ciarlet [11].

This inequality can be established either from the “classical” three-di-
mensional inequality in Cartesian coordinates (see Exercise 1.10 of Ciarlet
[11]), or directly in curvilinear coordinates.

Let us briefly sketch the latter approach (for details, see Sec. 1.7 of
Ciarlet [11]), which is essentially an extension of the proof of Duvaut and
Lions [18] in Cartesian coordinates.

First, the following Korn inequality “without boundary conditions”, i.e.
valid for all vector fields v = (v;) € HY(Q), is established: There exists a
constant Cy = Cy(Q2, ®) such that

1/2

2 2
[vl10 < Co Z lvilg.q + Z lea; (V)1o.0
i ]
for all v = (v;) € HY(Q). This inequality is essentially a consequence of
a fundamental lemma of J.L. Lions, which states that, if a distribution
v € H71(Q) is such that all its first order partial derivatives are also in
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H~Y(Q), then v is in L?(2) (that this implication in due to J.L. Lions was
first mentioned in Magenes and Stampacchia [23] p. 320, Note (27); its first
published proof is in Duvaut and Lions [18] for domains with smooth bound-
aries; various extensions to domains with Lipschitz-continuous boundaries
have then been given in Amrouche and Girault [1], Bolley and Camus [5],
Borchers and Sohr [6], and Geymonat and Suquet [19]).

Second, a linearized rigid displacement lemma in curvilinear coordinates
is established, to the effect that the semi-norm

1/2
Vi Z \€i||j(")|3,9
7:7j

becomes a norm on the space V(Q).

Third, the Korn inequality of Theorem 1.1 is established by contradic-
tion, as a consequence of the above Korn inequality “without boundary
conditions” and linearized rigid displacement lemma.

2. THE INEQUALITY OF KORN’S TYPE ON A SURFACE

Greek indices (except v in 0,) and exponents take theirs values in the
set {1,2}. The inequality of Korn’s type on a surface was first established in
[2], then given a simpler proof (briefly sketched below) by Ciarlet and Miara
[15]; see also Bernadou, Ciarlet and Miara [3]. This inequality, which plays
a fundamental role in the mathematical analysis of the linear Koiter shell
equations, so named after Koiter [21], and more generally in the asymptotic
analysis of linearly elastic shells (see Chaps. 4-7 of Ciarlet [11], takes the
following form ([ - [ow, || - [[1,0, and || - |2 designate the norms of the spaces
L?(w), H'(w), and H?(w)):

Theorem 1.2. Let w be a domain in R?, i.e. a bounded, connected, open
subset of R? with a Lipschitz-continuous boundary v, the set w being locally
on one side of v, and let vy be a measurable subset of v, with length~yy > 0.
Define the space

Vi(w):={n=(n) € H'(w) x H'(w) x H*(); m; = dymz = 0 on 7o}.

Let 0 € C3(w; R3) be an injective mapping such that the two vectors n,0
are linearly independent at all points in w. Then there exists a constant
¢ = c(w,v0,0) such that

1/2
{ZHnaHiﬁ |n3H%,w} < S s B + 3 s
o a3 a,B

for all m = (n;) € Vi (w), where

1/2

1
Yap(M) == §(na|ﬁ +18la) — bapn3,
Pap(M) = N31a8 — babopns + baNs|8 + 05Nrja + 05lamr,
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and bag and by, respectively designate the covariant and mized components
of the second fundamental form of the surface ().

A generic point in @ being denoted y = (y,), we let 9, := 9/0y, and
Onp 1= 0%/0ya0ys. We recall that the covariant derivatives NalBs M3|ass Vflas
the Christoffel symbols o> and the functions b,z and b7, associated with

a

the mapping 0 : @ — R3 are given by

Nalg = 0N — Caglos  M3jap = Oapns — Caglons,
Tla 1= 0abG + CLbG — CIbT,  C9y = a’ - daag,

bag = a’. Osag and b7 := aﬁ"bag,

where

a; Nag

a,:=0,0 and azg: = ———,
|a1 VAN ag‘

and the vectors a’ are defined by the relations
a'- aj = 5;

For more details on the differential geometry of surfaces, see e.g. do Carmo
[7], Klingenberg [20] or Chap. 2 of Ciarlet [11].

The inequality of Korn’s type on a surface of Theorem 1.2 thus displays
two tensors, the linearized change of metric tensor and the linearized change
of curvature tensor, both associated with a displacement field n;a’ of the
surface 6(w). These tensors are represented here by means of their covariant
components Yo3(n) and pas(n) expressed as functions of the curvilinear
coordinates of the surface 8(w), i.e. the coordinates y, of the points y € @.
The interpretation of these tensors, as the linearized part “around n = 0” of
the “full” change of metric and change of curvature tensors associated with
the field n;a’, is given in Theorems 2.4-1 and 2.5-1 of Ciarlet [11].

As shown by Ciarlet and Miara [15] and Bernadou, Ciarlet and Miara
[3] (see also Sec. 2.6 of Ciarlet [11]), this inequality can be established
by a proof (only briefly sketched here) that bears strong resemblance in its
principle to that of Theorem 1.1:

First, the following Korn inequality of Korn’s type “without boundary
conditions” on a surface is established, again as a consequence of the same
lemma of J.L. Lions as in Sec. 1: There exists a constant ¢y = ¢o(w, ) such

that
1/2
2 }
2w

{Z 17al13 o + lI7s]
(e}
<coq > aldw + Imli e+ NasMw + D lpasm)f.
o a,B a,B

1/2

for all n = (n;) € H'(w) x HY(w) x H?*(w).
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Second, a linearized rigid displacement lemma on a surface is established,
to the effect that the semi-norm
1/2

n=(m) = § > asMw + D 1pasm)i
a7ﬂ (64 ﬁ

becomes a norm on the space Vg (w).

Third, the inequality of Korn’s type of Theorem 1.2 is established by con-
tradiction, as a consequence of the above inequality of Korn’s type “without
boundary conditions” and linearized rigid displacement lemma.

Remark 1.1. (1) Blouza and Le Dret [4] have shown how the regularity
assumption made in Theorem 1.2 on the mapping 6 can be weakened to
0 € W (w;RR3), provided the functions v,3(n) and pas(n) are replaced
by ad hoc extensions. They obtain in this fashion an inequality of Korn’s
type on a surface “with little regularity”, while that considered here is an
inequality of Korn’s type on a “smooth” surface 8(w), in that 8 € C3(w; R?).

(2) The inequality of Korn’s type of Theorem 1.2 holds on a surface
S = 0(w) having an “arbitrary geometry”, i.e. for any mapping 8 : @ — R?
satisfying the assumption of this theorem. If the surface S is “elliptic”, i.e.
the Gaussian curvature is everywhere > 0, another inequality of Korn’s type
also holds; cf. Ciarlet and Lods [13] and Ciarlet and Sanchez-Palencia [16].

3. THE INEQUALITY OF KORN’S TYPE ON A SURFACE AS A
CONSEQUENCE OF THE THREE-DIMENSIONAL KORN INEQUALITY IN
CURVILINEAR COORDINATES

The objective of this paper is to show how the strong analogies observed
between the three-dimensional inequality and the inequality of Korn’s type
on a surface, and between their proof, can be rigorously substantiated. To
this end, we establish the following result, which has been announced in
Ciarlet and Mardare [14]:

Theorem 1.3. The inequality of Korn’s type on a surface (Theorem 1.2)
may be established as a consequence of the three-dimensional Korn inequality
in curvilinear coordinates (Theorem 1.1) for ad hoc choices of the set €Q,
mapping O, and fields v.

In other words, Theorem 1.2 is a corollary of Theorem 1.1.

For clarity, the proof of Theorem 1.3 is established by means of a series of
six lemmas. Lemmas 1.1 and 1.2 and their proofs can be found in Theorems
3.1-1 and 2.6-2 of Ciarlet [11]; they are nevertheless reproduced here for the
sake of completeness.

The summation convention with respect to repeated indices or exponents
(Latin or Greek) is systematically used.

We are thus given once and for all a domain w C R?, a subset vy of v
with lengthyy > 0, and an injective mapping 6 € C3(w;R3) such that the
two vectors a, = 0,0 are linearly independent at all points in @.
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Lemma 1.1. Let w be a domain in R?, let @ € C3(w;R3) be an injective
mapping such that the two vectors a, = 0,0 are linearly independent at all
points of w, and let ag = (a1 A ag)/|ay A az|. Then there exists eg > 0 such
that the mapping © : Qg — R3 defined by

O(y, x3) := O(y) + xza3(y)  for all (y,x3) € Qo,

where Qy = wx] — 60,60[,77;8 a C2-diffeomorphism from Qg onto ()
and det(g1,82,83) > 0 in Qo, where g; := 0,0 (we let 9; = 9/0z;, where
x = (x;) with x4 = Yo denotes a generic point in the set Q).

Proof. The assumed regularity on 6 implies that ©® € C?(w x [—e¢, ¢]; R3) for
any € > (. The relations

go=0,0 =a, +r30,a3 and g3= 030 =ag
imply that
det(g1, 82, 83)|zs=0 = det(aj,az,a3) > 0 in @.

Hence it is clear that det(gi,g2,83) > 0 on @ x [—¢,¢] if € > 0 is small
enough.

Therefore, the implicit function theorem can be applied: It shows that,
locally, the mapping © is a C?-diffeomorphism: Given any y € @, there
exist a neighborhood U(y) of y in @ and (y) > 0 such that © is a C?-
diffeomorphism from the set U(y) x[—¢(y), e(y)] onto (U (y)x[—e(y),e(v)]).
See e.g. Chap 3, Sec. 8 of Schwartz [24]; the proof of the implicit function
theorem, which is almost invariably given for functions defined over open
sets, can be easily extended to functions defined over closures of domains,
such as the sets W x [—¢, €] (the definition of differentiable functions over the
closure of a domain poses no difficulty; see e.g. Stein [25]).

To establish that the mapping © : @ x [—¢, e] — R3 is injective provided
€ > 0 is small enough, we proceed by contradiction: If this property is false,
there exist €, > 0, (y", 2%), and (y",z%), n € N such that

" —0asn—oo, y'ew, yY'ew, |r3]<e,, [TF]<en,
(y" 25) # (y",25) and O(y",zy) = O(y", z3).

Since the set @ is compact, there exist y € &, ¥ € @, and a subsequence, still
indexed by n for convenience, such that

v'—y, ¥ —y, ,r3—0, ,73—0
as n — o0o. Hence
0(y) = lim O(y",zy)
n—oo

by the continuity of the mapping ® and thus y = y since the mapping 6 is
injective by assumption. But these properties contradict the local injectivity
(established supra) of the mapping ©. Hence there exists g9 > 0 such that
© is injective on the set Qo = @ x [—eq, €0). O

lim ©(y",73) = 0(y),

n—oo
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The following result is due to Chapelle [8]. It shows that a vector field
n;a’ on a surface may be “canonically” extended to a three-dimensional vec-
tor field v;g? in such a way that all the components e;|;(v) of the associated
“three-dimensional” linearized change of metric tensor have remarkable ex-
pressions in terms of the components v,5(1n) and pas(n) of the linearized
change of metric and curvature tensors of the surface vector field:

Lemma 1.2. Let the assumptions on the mapping 0 : @ — R3, the open
set Qg = wx| — €g,e0[, and the C*-diffeomorphism © : Qq — R3, be as
in Lemma 1.1. In particular then, the three vectors g; := 0,0 are linearly
independent at all points of Qo. With any vector field n = (n;) in the space

Vi(w) :={n=(n) € H'(w) x H (w) x H*(w); 17, = d,m3 = 0 on 7o},
let there be associated the vector field v = (v;) : Qo — R3 defined on Qg by

vi(y, 23)g" (y, 23) = mi(y)a' (y) — x3(0ans + b3ns)a(y)

for all (y,z3) € Qo, where the vectors g form the contravariant basis asso-
ciated with the vectors g; (i.e. g'-g; =0;). Then

Vv E V(Qo) = {V = (’Uz) S Hl(Qo); v =0 on vy X [—60,60]},
so that the above relation defines a linear mapping
F:n=(m) € Vigw)—Fmn) :=veV({Q).

The covariant components e;|;(v) := (v;); +vj|:)/2 of the associated “three-
dimensional” linearized change of metric tensor (Sec.1) are then given by

ea||[3(v) :'704,8(77) - xSPaﬂ(n)
2
T (3 T g 1. T
+ 50030 (1) + Vypar () — 20555707 (1)},
€i||3(V) =0.

Proof. As in the above expressions of the functions e, 3(v), the dependence
on xg is explicit, but the dependence with respect to y € w is omitted,
throughout the proof.

(i) Given functions 7a, Xa € H'(w) and n3 € H?(w), let the vector field v;g’
be defined on £ by

vig' = mia’ + r3xaa”.

Then the functions v; are in H'(€) and the covariant components e;;(v)
of the linearized change of metric tensor associated with the field v;g’ are
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given by
1
€all3(V) =5 (ajs + Nga) = bapits

x3

+ ?{Xam + XBla — bg(ncﬂ,@ - b50n3) - bg(nﬂa - bom'n?))}
x5

+ ?{_ngU\ﬁ - ngT‘OA}7

1 a
eaHf}(V) =5 Xa + Oanz + b370),

2
63\\3(V) =0,
where Nalg = 3g77a - ngno and Xa|g = 3ﬁXa - ngxg-

Since
Oqasz = —bla,
by the second formula of Weingarten, the vectors of the covariant basis
associated with the mapping ©® = @ + x3as are given by
8a = Aq — 3735330 and g3 = as.
Since
vi = (v;87) - gi = (n;a’ + T3x0a") - &i,

the assumed regularities of the functions 7; and y,, imply that v; € H' (),
since g; € C?(Qp). The announced expressions for the functions e;;(v) are
obtained by simple computations, based on the relations
1
2
(ii) When xo = —(0ans + b37s), the functions e;;(v) in (i) take the expres-
sions announced in the statement of the theorem.

We first note that x, € H'(w) (since b7 € C'(w)) and that e, 3(v) =0
in this case. It thus remains to find the explicit forms of the functions

ea|3(v). Replacing the functions x, by their expressions and using the
Codazzi-Mainardi identities b3 |3 = b3|q, we find that

vy = 10j(veg™)} - and  ey(v) = S (vi; + vj)0)-

1 o T
Q{Xa\,@ + XBla — ba(no\ﬁ - b,@anS) - bﬂ(nﬂa - baTT]?))}

= —03ja8 — balo|s — VpNrla — Djlanr + b3bopns.
Hence the factor of x3 in e, 3(v) is equal to —pas(n). Finally,
— b9 X8 — UjXr|a
= bo (3180 + bolanr + b50n78) + b5(N3jar + 07 ane + b7 BNs|a)
= b3(Pso (M) = bj1ri6 + b3bron3) + b5 (par (M) — b3Mg|r + b3born3)
= bg.pg0(N) + bjpar(M) — 2650570+ (N),

i.e. the factor of 23/2 in eq|3(Vv) is that announced in the theorem.
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(iii) If n; = Oyms = 0 on 7, the functions xo = —(9ans + bn,) vanish on
Y0, since 3 = d,m3 = 0 on 7y implies J,n3 = 0 on ~g; consequently,
Vi = (Ujgj) "8 = (ﬁjaj + 23Xaa") - & = 0 on Yo X [—€o, €g]-

O

The rest of the proof essentially consists of studying the properties of the

mapping F defined in Lemma 1.2. As the proof of this lemma, the explicit

dependence on y € w is henceforth omitted whenever no confusion should
arise.

Lemma 1.3. Let the spaces Vi (w) and V() be respectively equipped with
their product norms, viz.,

1/2
n= ) — {Z 1717 + |!773||§,w} and v = (v;) — {Z HviHiao}

Then the linear mapping F : Vg (w) — V(o) defined in Lemma 1.2 is
continuous.

1/2

Proof. Given n = (n;) € Vi (w), let (v;) = F(n). A simple computation,
based on the relations
vi = (v;8') -8, 8o =aq—73bja,, g3 =as,
shows that
Vo = N — 3(Bamz + 26%00) + 23(0205m3 + b02n5) and w3 = 3.
The continuity of the mapping F easily follows from these relations (note
that b3 € CL(@)). O
Lemma 1.4. There exists €1 satisfying 0 < €1 < g such that the mapping
F:Vg(w) — V() :={v=(y) e H(Q); v=0o0n v x [~¢1,21]},
where
O :=wx] —e1,e1],
18 injective.
Proof. Let m = (n;) be such that F(n) = 0. Then the computation from the
preceding proof shows that

3 =0 and 7, — (22305 — 220565)ns = 0.
Clearly, there exists €1 such that the matrix (of order two) with elements

(65 — 22508 + x%bgbg) is invertible for all |x3| < e1, in which case n, = 0.
Evidently, there is no loss of generality in assuming that &1 < &. ([

Lemma 1.5. The image ImF of the mapping F : Vi (w) — V(Q) is the
space

Viip(Q) :={veV(Q); ez(v)=0inQ}.
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Proof. The computations used in this proof rely on the following easily
proved observations:

(i) If 6 € H-Y(Q) and g € C}(Q), the product g is well-defined as a distri-
bution in H~(Q).

(i) If w € L*(Q) and g € C1(Q), then §;(wg) = (Q;w)g + w(d;g), as an
equality in H=(Q).

(iii) Let e* denote the vectors of the Cartesian basis in R? and let a = [a],e*
denote the expansion of a vector a € R? over this basis. Any distribution
z = [z|e” € (H71(Q))3 can be expanded as z = z;g’ over the vectors g’
of the contravariant bases, the components z; € H ~1(Q) being given by
zj = z- g;; equivalently, [z, = 2;[g’]x, where z; = [z];[g;]; (these equalities
make sense by (i)).

(iv) Let z € (H~1(2))? be such that z - g; = 0 for all i. Then z = 0.

Returning to the proof of the lemma per se, we observe that it suffices
to establish the inclusion Vg C ImF, since the other inclusion holds by
Lemma 1.2. Let then v = (v;) € H'(Q) satisfy e;3(v) =0 in Q and v =0
on Fo.

Noticing that g3 = as is independent of x3 and letting v := v;g°, we
obtain

e3)3(v) = (03v) - g3 = 03(v - g3) = 0.

Hence v3 = (v - g3) is independent of x3, and
(033V) - g3 = 03(03(v - g3)) = 0,

as an equality in H (). Next, the relations

2¢0)3(v) = (0aV) - 83 + (03V) - 8a = 0
imply that (03g, = —bJa, since g, = a,, — x3b%a,):

203€4|3(V) = (0a3V) - a3 + (933V) - o — b2 (03V) -2, = 0,
hence that (by the second formula of Weingarten, —d,as = bZa,)
(033V) - 8o = —(0a3V) - a3 — (03V) - Opaz = —04(03V - ag) = 0.

The three relations (933V) - g; = 0 thus imply that the field v € H(Q)
satisfies
033v =0 in ,
in the sense of distribution theory. There thus exist fields 7 € H'(w) and
7' € H'(w) such that (for a proof, see e.g. Lemmas 4.1 and 4.2 of Le Dret
[22]):
V(y,xz3) = 1(y) + 377" (y) for almost all (y,z3) € Q.

Furthermore, 77 = i* = 0 on 7 since v = v;g’ vanish on Ty = 5o X [—e1, 1]
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Expanding the fields 77 and 77" over the vectors a’ of the contravariant
bases, we infer from the last relations that there exist fields n = (1;) € H'(w)
and n' = (n!) € H'(w) vanishing on 7 such that

V(y,z3) = vi(y, 23)8" (y, x3) = mi(y)a’(y) + xsm; (y)a' (y)

for almost all (y,x3) € Q. Since v3 =V - g3 =3 + gvgngl) is independent of
x3, we conclude that 77% = 0. Hence the field v = v;g* is of the form
B

vig' = (g + $377%)a + nza’.

Using this expression in the relations eaug(v) = 0, together with the
formulas of Gauss and Weingarten, viz.,

dpa’ = —CP a® +bPa® and 9,a° = —ba,,
we then obtain
0= (aav) -az + (836) : (acx - 5635330) = bgnﬂ + 77&4 + Oan3.

The relations 0,n3 = —bgnﬁ —nl, together with the previously established
relations 73 € H'(w) and 73 = 0 on g, then show that 73 € H?(w) and that
Oym3 = 0 on y9. We have thus found = (n;) € Vi (w) such that F(n) = v,
as was desired. ]

Lemma 1.6. The inequality of Korn’s type of Theorem 1.2 is a consequence
of the three-dimensional Korn inequality of Theorem 1.1 applied with the
mapping © defined in Lemma 1.1 on the open set Q defined in Lemma 1.4,
and of Lemmas 1.2, 1.3 and 1.5.

Proof. The linear mapping F : Vi (w) — Vg () is continuous (Lemma
1.3), injective (Lemma 1.4), and surjective (Lemma 1.5). The spaces Vg (w)
and V1 (Q) being Hilbert spaces (Vi (£2) is a closed subspace of V(2)),
the closed graph theorem shows that the inverse mapping F~1 : Vg1 (Q) —
Vi (w) is also continuous, i.e. that there exists a constant Cy such that

1/2
{Z 717 + H%H%,w} < C2llF(n)|1e  forallm € Vi (w).

Next, there exists by Theorem 1.1 a constant C' such that
1/2

IFm)lhe <CS Y leq;(Fm)E g for all 7 € Vi (w).
1,3



38 Chapitre 1 : Sur les inégalités de Korn en coordonnées curvilignes

Finally, the expressions of the functions e;;(F(n)) given in Lemma 1.2
show that there exists a constant C such that
1/2 1/2

Z leq;(F |OQ Z |€a)p(F ’09

1/2

<y Z h/Oéﬁ |O w Tt Z |paﬁ ’O w

a7ﬁ
for all m € Vi (w).

Hence the inequality of Korn’s type of Theorem 1.2 holds, with ¢ =
CC1C5. The proof of Theorem 1.3 is thus complete. O

4. COMMENTARY

The above proof thus shows that the formal analogies observed between
the statements of Theorems 1.1 and 1.2 reflect in fact the existence of an
isomorphism, the mapping F introduced in Lemma 1.2, between the spaces
V() and Vg (w). Thanks to this isomorphism, the inequality of Korn’s
type on a surface becomes a consequence of the application of the three-
dimensional Korn inequality to the particular fields F(n) € Vg (), the
fields  varying in the space Vi (w). The existence of this isomorphism
was first established by Destuynder [17], albeit by a different proof and for
different purposes.

The identification of the image Im F as the space Vi1 (€2) has an interest
per se in linearized shell theory. This result shows that, inside a shell, i.e. an
elastic body whose reference configuration is of the form ©(Q), where Q :=
W X [—¢,¢] and the mapping © : Q — R3 is of the form given in Lemma 1.1,
the linearized Kirchhoff-Love displacement fields, i.e. those displacement
fields v;g’ that satisfy the relations e;3(v) = 0 in €, are of the form

vig' = mia' — x3(0ams + bZne)a®  with n, € H'(w), 13 € H?(w),
and vice versa. This identification thus constitutes an extension of the well-
known identification of Kirchhoff-Love displacement fields inside an elastic

plate (cf. Ciarlet and Destuynder [12] and also Theorem 1.4-4 of Ciarlet
[10]).

Note Added in Proof

After this work was completed, it was brought to the authors’ attention
that another derivation of the inequality of Korn’s type on a surface from
the three-dimensional Korn inequality had been simultaneously carried out
by means of a related, but nevertheless different, method in an unpublished
ONERA technical report by Jean-Luc Akian. This work will also appear in
journal form.



o

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Chapitre 1 : Sur les inégalités de Korn en coordonnées curvilignes 39

REFERENCES

. C. Amrouche and V. Girault, Decomposition of vector spaces and application to the
Stokes problem in arbitrary dimension, Czech. Math. J. 44 (1994) 109-140.

. M. Bernadou and P.G. Ciarlet, Sur Uellipticité du modéle linéaire de coques de W.T.
Koiter, in Computing Methods in Applied Sciences and Engineering, eds. R. Glowinski
and J.L. Lions, Lecture Notes in Economics and Mathematical Systems, vol. 134
(Springer-Verlag, 1976) 89-136.

. M. Bernadou, P.G. Ciarlet and B. Miara, Ezistence theorems for two-dimensional
linear shell theories, J. Elasticity 34 (1994) 111-138.

. A. Blouza and H. Le Dret, Existence and uniqueness for the linear Koiter model for
shells with little reqularity, Quart. Appl. Math. 57 (1999) 317-337.

. P. Bolley and J. Camus, Régularité pour une classe de problémes aux limites elliptiques
dégénérés variationnels, C.R. Acad. Sci. Paris, sér. A 282 (1976) 45-47.

. W. Borchers and H. Sohr, On the equations rotv=g and divu=f with zero boundary
conditions, Hokkaido Math. J. 19 (1990) 67-87.

. M. P. do Carmo, Differential Geometry of Curves and Surfaces (Prentice-Hall, 1976).

. D. Chapelle, private communication (1994).

. P.G. Ciarlet, Modéles bi-dimensionnels de coques: Analyse asymptotique et théorémes
d’existence, in Boundary Value Problems for Partial Differential Equations and Ap-
plications, eds. J.L. Lions and C. Baiocchi (Masson, 1993) 61-80.

P.G. Ciarlet, Mathematical Elasticity, Volume II: Theory of Plates (North-Holland,
1997).
P.G. Ciarlet, Mathematical Elasticity, Volume III: Theory of Shells (North-Holland,
2000).

P.G. Ciarlet and P. Destuynder, A justification of the two-dimensional plate model, J.
Mécanique 18 (1979) 315-344.

P.G. Ciarlet and V. Lods, On the ellipticity of linear membrane shell equations, J.
Math. Pures Appl. 75 (1996) 107-124.

P.G. Ciarlet and S. Mardare, Sur les inégalités de Korn en coordonnées curvilignes,
C.R. Acad. Sci. Paris, sér. I, 331 (2000) 337-343.

P.G. Ciarlet and B. Miara, On the ellipticity of linear shell models, Z. angew. Math.
Phys. 43 (1992) 243-253.

P.G. Ciarlet and E. Sanchez-Palencia, An existence and uniqueness theorem for the
two-dimensional linear membrane shell equations, J. Math. Pures Appl. 75 (1996)
51-67.

P. Destuynder, A classification of thin shell theories, Acta Appl. Math. 4 (1985) 15-63.
G. Duvaut and J.L. Lions, Les Inéquations en Mécanique et en Physique (Dunod,
1972); English translation: Inequalities in Mechanics and Physics (Springer-Verlag,
1976).

G. Geymonat and P. Suquet, Functional spaces for Norton-Hoff materials, Math.
Methods Appl. Sci. 8 (1986) 206-222.

W. Klingenberg, Eine Vorlesung tber Differentialgeometrie (Springer Verlag, 1973);
English translation: A Course in Differential Geometry (Springer-Verlag, 1978).
W.T. Koiter, On the foundations of the linear theory of thin elastic shells, Proc. Kon.
Ned. Akad. Wetensch., B 73 (1970) 169-195.

H. Le Dret, Probléemes Variationnels dans les Multi-Domaines: Modélisation des Jonc-
tions et Applications (Masson, 1991).

E. Magenes and G. Stampacchia, I problemi al contorno per le equazioni differenziali
di tipo ellitico, Ann. Scuola Norm. Sup. Pisa 12 (1958) 247-358.

L. Schwartz, Analyse II: Calcul Différentiel et Equations Différentielles (Hermann,
1992).



40 Chapitre 1 : Sur les inégalités de Korn en coordonnées curvilignes

25. E. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton
University Press, 1970).



CHAPITRE 2

Inegalité de type Korn sur une surface compacte

RESUME. Les inégalités de type Korn sur une surface avec frontiere
ont été établies dans plusieurs articles par diverses techniques, voir par
exemple Ciarlet [6], Ciarlet et Mardare [7], Taylor [13]. On établit ici
une inégalité de type Korn sur une surface compacte sans bord. L’idée
est d’utiliser un nombre fini de cartes locales pour définir la surface et
I'inégalité de Korn sans conditions au bord pour chaque carte locale,
puis de récrire ces inégalités dans un cadre plus général d’analyse fonc-
tionnelle concernant les espaces quotient.

Ce travail a fait I’objet de la publication suivante :

MARDARE S., Inequality of Korn’s type on compact surfaces without boun-
dary. Chin. Ann. Math., vol. 24, no. 2., Ser. B, 2003, 191-204.
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Inequality of Korn’s type on compact

surfaces without boundary

ABSTRACT. Inequalities of Korn’s type on a suface with boundary have
been proved in many papers using differents techniques (see e.g. Ciarlet
[6], Ciarlet and Mardare [7], Taylor [13]). We prove here an inequality
of Korn’s type on a compact surface without boundary. The idea is to
use a finite number of maps for defining the surface and the inequality
of Korn’s type without boundary conditions for every map and to recast
these in a general functional analysis setting about quotient spaces.

“Compact surfaces without boundary” were already considered by Slicaru
[12] in his doctoral dissertation, where he studied the asymptotic behaviour
of thin elastic shells with such middle surfaces.

For defining a surface with boundary, one mapping is usually enough.
In fact, this is the way we define the surface, as the image of that map. It
is easily seen that this is no longer possible in the case of surfaces without
boundary. It suffices to consider the case of the sphere: it is well known that
a sphere is not homeomorphic with a part of a plane. So the study we want
to make here seems to be more complicated. However, this is compensated
by the fact that the functional analysis which is behind is simplier than in
the case of surfaces with boundary. That is why, when possible, we will
recast our problems in a general functional analysis setting about quotient
spaces. In this setting, we establish some general theorems which will give
in particular the desired inequality of Korn’s type.

We start with some definitions and results about surfaces and Sobolev
spaces on surfaces. These are needed for justifying the inequality of Korn’s
type in the case of compact surfaces without boundary.
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1. SOME ELEMENTS OF SURFACE THEORY

Let there be given a three-dimensional vector space, in which we fix
an origin O and a basis; in this way the three-dimensional vector space is
identified with R3.

In this paper we use the classical definition of a regular surface as found,
for instance, in Do Carmo [4] or Klingenberg [11].

Definition 2.1. A connected subset S C R? is a regular surface of class C*
if, for each point p € S, there exists a neighborhood V of p in R? and a map
0:U — VNS of the open set U C R? onto VNS C R? such that

(1) 0 is of class C*.

(2) 6 is a homeomorphism (the topology of S is the induced topology of
the usual topology on R3).

(3) For each ¢ € U, the differential df, : R — R? is one-to-one.

The third condition is equivalent with the fact that the vectors 0,0
(a € {1,2}) are linearly independent at all points ¢ € U. This means that
6:U — R? is an immersion.

Another observation is that we can replace the neighborhood V' appear-
ing in Definition 2.1 with an open neighborhood V’/ C R3. Indeed, since
V is a neighborhood of p, there exists an open neighborhood V' C V of p.
Now, since § : U — V N S is continuous, U’ := §~1(V' N S) is an open set
in U, hence in R? (because U is open in R?). Now we can see that the map
0:U — V'NS also satisfies the conditions of Definition 2.1.

Conversely, if we have a collection of maps (0;);c4 (where A is an arbi-
trary set of indices) and a family (w;)iea of open sets of R? such that:

(1) 0; : wy — R3 is of class C*,

(2) 6; : wg — 0¢(wy) is an homeomorphism,

(3) For each ¢ € wy, the differential thlq is one-to-one,

(4) O¢(wt) is open in Uye Al (wi),

(5) Upeabi(wy) is connected,
then S := Useabi(w;) is a regular surface of classe C*. In particular, this
shows that Definition 2.1 is equivalent with the definition of an embedded
surface as found in Klingenberg (Definition 6.1.1 in [11]).

The second viewpoint is the analog in the general case of a surface defined
as the image of a single map (obviously, the fourth condition is satisfied in
the case of a single map).

Before passing to the case of compact surfaces, we recall some important
results about general surfaces:

1. Change of parameters. If 0 : U — S and ¢ : V — S are two parame-
terizations of a regular surface of class C* such that 0(U) Ny(V) = W # 0,
then the “change of coordinates” =1 o : =Y (W) — 071(W) is of class
C*. For a proof, see for instance Do Carmo [4], § 2.3, Proposition 1.

~— — — —
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This shows that a regular surface of class C* is, in particular, a differ-
entiable manifold of class C*. So we can use all the results on differentiable
manifolds and especially those concerning tensor fields.

2. Using the same technique as in the proof of Proposition 1 of [4], we
can show that conditions (1) and (3) (here, we suppose that k& > 1), to-
gether with the fact that 6; is one-to-one, imply that 6; : w; — 6i(w;) is a
homeomorphism.

In what follows, a regular surface of class C* will be defined as a con-
nected subset of R that can be writen as S := U 01 (wt), where

teA

1) w; C R? are open sets

( P ,

(2.1)  (2) 6; : wy — R3 are injective immersions of class C* over wy,
(3) 0;(w) are open in S.

If S is in addition compact, then we can assume that A is a finite set.
More specifically, we will use the following property of compact surfaces,
which allow to apply on those parts of the surface that are images of a
single map the results already known for surfaces defined by a single map.

Theorem 2.1. Let S be a compact regular surface of class C*. Then
there exists a finite number of maps (0, wt)N, such that S = UN 10, (w;) =
UN 104(wy), where

(1) w; C R? are open, bounded and connected sets with Lipschitz-continuous
boundary,

(2) 0, - wy — R? are injective, C*-differentiable immersions,

(3) 0, (w) are open in S.

Here, we consider that a function is of class C* over an arbitrary nonempty
set, if it is the restriction to that set of a function of class C* on a larger
open set.

Proof. Since S is a compact regular surface of class C¥, there exist (6;, Dy)Y,,

where 6; : D; — R3, such that S = Utj\ilﬁt(Dt), where

(1) Dy C R? are open sets,

(2) 6; : Dy — R? are injective, of class C* over Dy, and 9,0 are linearly
independent at all points of Dy,

(3) 0:(D;) are open in S.

Now we will use the following theorem due to Lebesgue:

Let K be a compact metric space and let K = Ui\;ﬂ/}, where V; C K are
open sets. Then there exists an € > 0 such that for all x € K, there exists
ty € {1,..., N} such that B(z,e) C V;, (here, B(z,¢e) denotes the open ball
centered at x with radius €).

We use this theorem with K = S and V; = 04(D;). We consider that S
is endowed with the metric induced by the Euclidean metric on R3. With
e given by Lebesgue’s theorem, define V/ := {x € V;; d(z,K \ V}) > 5}.
Obviously, V/ is open in K. We will show that K = U} V.
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Let z € K. Then, by Lebesgue’s Theorem, the ball B(z, ¢) is included in
some V;_, which implies that d(x, K\ V;,) > € > §. Consequently, z € V{ ,
so that x € UY, V.

Since V/ = {z € V;; d(z, K\ V;) > §}, we have V/ C V/ C V;. Define
wj = 0,1 (V) and note that wj is open. Since 6; is a homeomorphism (as
observed above), we have V/ = 6;(w},) and @, = 6; (V/) € 6;*(V;) = Dy. We
also see that the sets w] are bounded (indeed, 6; is a homeomorphism and Vt’
is a compact set, so W} is compact and therefore bounded). Since @, C Dy,
there exists a bounded open set wy with Lipschitz-continuous boundary, such
that @, C wy C Wy C Dy. So O(wy) C S and 6 (w) is open in S, because
01 (wi) C 0.(Dy) and 0y : Dy — 0,(Dy) is a homeomorphism.

Now it is clear that 6; satisfies the regularity conditions on @; (since it
satisfies these conditions on Dy). Finally, we have

S =U V! = U 0,(w)) C U 0y(wr) C UL 0,(wy) € S

To conclude the proof, we observe that we can assume that the sets wy
are connected: otherwise, we take the connected components of w; and use
the compactness of S to again obtain a finite number of maps.

O

Before passing to the next section, let us introduce some classical ele-
ments of a surface, which will be used in the present paper. Here and in the
sequel, Greek indices and exponents (except € and v) take their values in the
set {1,2}, Latin indices and exponents (except t) take their values in the set
{1,2, 3}, and the summation convention with respect to repeted indices and
exponents is used. The Euclidean scalar and vector products are denoted
by a - b and a A b, respectively. We consider a regular surface of class C*
(k > 2) denoted by S. Let p € S be a point of the surface and let (6,w) be
a local map at p with 6(z) = p. We define the following elements of either
p or z by the same symbol (we write this dependence explicitly only for the
first definition; in applications, we will consider functions of either p or z,
depending on whether we work on the surface or on the set w defining the
surface through the map 6:

an(p) = aq(z) = J0u0(x) are the vectors of the covariant basis of T),S
(the tangent space to S at p) associated with the map 6,

a® are the vectors of the contravariant basis of T,S associated with
the map 60, and they are defined by the relations a® - ag = 5;‘, where 5%

designates the Kronecker’s delta,
3. airhay . .
a3 = a° := ———— is the unit normal vector to S at p,
]al A a2]

(o3 = Qq - ag are the covariant components of the metric tensor,
a®? .= a® - aP are the contravariant components of the metric tensor,
a := det(aqg) is the square of the surface element,

ap i=a’ - 0gan = a’ - 0,30 are the Christoffel symbols,
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bog = a3-8gaa = a3~8a,g€ are the covariant components of the curvature
tensor,

bg := aP7b,,, are the mixed components of the curvature tensor,

ds := \/adx is the area element on S.

2. SOBOLEV SPACES ON SURFACES

Let S be a regular surface of class C* and let f : S — R be a real valued
function on S. We say that f € H™(S), (m < k) if, for every p € S and
for a map (0, w) such that p = 0(x) € 0(w), the derivatives of f o6 of order

< m are in L} (w) and the following expression is finite:

1

m 2

22) | flams) = ( /S fds+y /S aalﬁl...aalﬁlfm...alfml..@ds> ,
=1

where f|o,..q, are the [-covariant derivatives of f.

It is easily seen that such a property of weak-differentiability does not
depend on the map we choose; this comes from the fact that S is a C*-
differentiable manifold (see section 1). As regards the expression in (2.2),
we know from tensor theory that it is intrinsic, which means that it does
not depend on the maps we choose to calculate it.

In the case of a compact surface, we can replace these norms by the
following equivalent norms which are simplier: for a fixed collection of maps
(0s,w)Y, as those in Theorem 2.1, define

N
(znfoetuzm(wﬁ)
t=1

These norms are no more intrinsic, but this is not inconvenient for our
analysis, since they are equivalent (for a fixed collection of maps) with the
intrinsic norms defined in (2.2).

Let us show this assertion for m = 1,2 (in this paper, we will use only
the H'(S) and H?(S)-norms). First of all, we have

1
2

23) s = ([ 25+ [ afasisas)’

(24) [ Fllas) = < /S F2ds + /S 0 fiofig ds + /S 00 fiog fise ds)Q,

where
A(fob)
0xq

2 @]
faale) = ina(@) = G5 @) = T5(o) o),

f|a(p) = f\a(x) = ($) and
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with p = 0(z), are the first and second covariant derivatives of the function
fin p.

For the H'(S)-norm, thanks to the positive definitness of (a®?), we have
Eza(f‘a)Q < ao‘ﬁf‘afw < C’Za(]ﬂ )2 for some positive constants ¢ and C.
We multiply this relation by /a, add (f o 6;)?\/a, then integrate over w;.
Using in addition the fact that a is a stictly positive function on &;, we
obtain that there exist two constants ¢ > 0 and C' > 0 such that

(25)  cllf o bl g/ (f* +a fiafig) ds < C|If 0 Oell3 ()

O (wi
Since the function f? + a®? flaf|p is positive on S, we have the following
inequalities
/9 ( )(f2 + aaﬁf\afm) ds < /S(fz + aaﬁf|af\,3) ds
N

: tZ /Gt(wt)(f2 i aaﬁflaflﬁ) o

Taking the sum with respect to ¢ in (2.5) and using the last inequalities,
we obtain

N

C

NZ”foetHHl(wt) < f 1) < CZ”foetHHl (wi) ?
t=1

which is the sought equivalence for m = 1.
Now, let us prove the equivalence for the H?(S)-norm. It suffices to find
two constants ¢ > 0 and C' > 0 such that

N N
26) eSO 002w < 1) < C S IF 0 b1llz -
t=1 t=1

Using in particular Theorem 3.3-2 of [6], which states that (a®?a°") is
uniformly positive definite, we obtain on the one hand that

(27) EZ(f\a,@)2 < aaﬁa07f|aaf|ﬂ7' < CZ(f\a,@)Z
a,B a,B

for some constants ¢ > 0 and C' > 0. On the other hand, since the functions
75 are bounded on w¢, we deduce from the deﬁmtlon of flap that there
exist two constants ¢; > 0 and C; > 0 such that

cl{(a foby) Z fobr)) }S(faﬁ)2+zg:<f|a)2
gCl{(a fob)) Z fob)) }
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We introduce this inequality in (2.7), then multiply the result by v/a (which
is a strictly positive and bounded function on ;) and finally integrate on
we. This gives

- (Znaaﬂ ELARED ST )
= /0( >(aaﬁa”f\aof|w +a fiofi5) ds
t (Wt

<y (Z Haaﬁ o 0) HL2 (we) ‘1' Z |05 (f 0 0:) HL2 wt)) )

for some positive constants ¢ and Cy. Since the function a®?a”" Jiaof\pr +
aaﬁfmfw is positive on S, we can use the same method than that used for
the H'(S)-norm in order to obtain (2.6).

We say that a spatial vector field n (which means that with each p € S,
we associate a vector 7(p) in space, not necessarily in the tangent space T),5)
is in the space H™(S) if all its components in a fixed basis of R belong to
H™(S).

Now, let us consider the tangential and the normal components of 7.
More specifically, let § = 1, +n,,, where n.(p) € T,,S and n,(p) is parallel
to the normal to S at the point p. We say that n € H?'(S) ® H}(S) if
n, € H™(S) and n,, € H"(95).

3. KOITER'S MODEL FOR A LINEARLY ELASTIC SHELL

Throughout this paragraph, S is a compact regular surface of class C3.
Throughout the sequel, the points p € S and = € w (or wy) are related
by the relation p = #(x). Our aim is to establish an inequality, thereafter
called inequality of Korn’s type, which eventually will imply the existence
(and uniqueness) of a solution to Koiter’s model for a linearly elastic shell
with a compact regular middle surface. To establish such an inequality,
we make an analogy with the case of one-mapping surfaces (surfaces which
are parameterized by a single map) and we retain from this case only the
intrinsic quantities. To begin with, let us define the two-dimensional Koiter
equations for a linearly elastic shell. We consider a shell with middle surface
S and thickness 2¢, subjected to applied body forces. In Koiter’s model,
the unknown is the displacement field % : S — R? of the middle surface
of the shell. In the case where the surface is defined by a single map (6, w)
satisfying properties (1) and (2) (with & = 3) of Theorem 2.1, the problem
under consideration is the following:
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Find ¢} € Vi (w) such that

— 3 .
(2.8) /w {waﬂw’s%T(CK)%ﬁ(ﬁ) + %ao‘ﬁ "T’epm(CK)paﬁ(ﬁ)}\/E d

- / - vadz for all §j = (7;) € V g (w),

where Vi (w) is a closed subspace of the space H'(w) x H'(w) x H?*(w)
considered with the usual norm, f = (f%) € L2(w) x L*(w) x L*(w) (where
f¢ = f*‘a; account for the applied body forces) and
aaﬂm’,a(p) — aaﬁ(ﬂ'vf(m.) - 4)\6/1‘8 aaﬂatﬂ' + QuE(aaaaﬁT + aafaﬁa)
: M + 24 ’

Yt (M) (P) = 1 ()(x) : = 3 (Dm0 + B a5)

1., . . . -
= 5(86% + 0aflg) — 3470 — bapils »

Pas(M)(P) = pas(M)(z) : = (Oapn — I'op0sm) - a3
= Oaps — L' g0073 — b3bop13
+ b2(0570 — Ly 0071r) + b5(0aiir — T'or0s71s)
+ (6abf; + Fg(,bg — Fgﬁb;)ﬁT ,

where A®* > 0 and pu® > 0 are the Lamé constants of the elastic material
constituting the shell, and n(p) = 7;(x)a’(p). Then, in Koiter’s model, the
displacement field of the middle surface of the shell is given by % = C}:{’iai.
Throughout this section, we denote by the same symbol a function of p
(defined on the surface) or of x (provided that §(z) = p). We also make the
convention that the two functions are equal. Recall that we have already
used this convention in section 2. For further details about Koiter’s model,
see [6].

Let us notice that matrices (v43(n)(p)) and (pas(n)(p)) are symmet-
ric and that the functions v,5(77) and pas(7) belong to L?(w), since 7 €
H'(w) x H'(w) x H?(w). As long as we are only interested in the existence

and uniqueness of a solution to problem (2.8), the coefficients ¢ and % are

not really relevant, so we make the convention that ¢ = 1 and % =1in
(2.8). Accordingly, the expression appearing in (2.8) became:

A(¢,n) = a5 ($)Vas(n) + a7 por (C) pap(n),

where ¢ and n are two spatial vector fields. We already know that (a®%77)
are the contravariant components of a tensor field of rank 4 (the two-
dimensional elasticity tensor), that ('yag(n)) are the covariant components
of a tensor field of rank 2 (the linearized change of metric tensor), and that
(pas(€)(por(n)) are the covariant components of a tensor field of rank 4.
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Finally, by inner multiplication, we see that the expression A(¢,n) is a ten-
sor field of rank 0, i. e., a function. This means that this expression does
not depend on the choice of maps, but only on the vector fields ¢ and n
defining the tensor fields (703(¢)), (Yag(m)) and (pas(¢)(por(m))-

As we shall see later in this paper, the fact that j € H'(w) x H!(w) x
H?(w) is equivalent with n € HL(S)® H?2(S). Now, problem (2.8) (with the
simplifying convention that ¢ = 1 and % = 1) takes the folowing intrinsic
form:

¢ € HL(S) & H(S),

(2.9) /A(C,n)ds:/f-nds for all n € HL(S) ® H%(S).
S S
Note that this form of Koiter’s model can be transposed verbatim in the case
where the surface S is compact.
Let us consider the bilinear form

(2.10) B«mraémamw

defined over the space HL(S) @ H?(S), and the linear form

Lm%Zéfw%

defined over the same space. Then we rewrite problem (2.9) in a functional
form, that is:

Find ¢ € E := HL(S) @ H?(S) such that

(2.11) B(¢,n) = L(n) for all n € E.

We are interested in proving the existence and uniqueness of the solu-
tion to this problem. To this end, we will use the Lax-Milgram theorem;
naturally, proving the ellipticity of the bilinear form is the only difficulty.
The object of the following section is to establish an inequality which allow
to prove the ellipticity of the bilinear form B.

4. KORN INEQUALITY FOR COMPACT SURFACES

Let us begin by making some observations on the bilinear form B. We
can verify that n — /B(n,n) is a seminorm on F. This come from the
fact that B is a symmetric bilinear form which satisfies B(n,n) > 0 for all
n € E. To prove this last property of B, we use the fact that a“ﬁﬂtwtag >
€0 p |tas|? for all symmetric matrices (to3) (for a proof, see [6], Theorem
3.3-2). We shall see later that n — +/B(n,n) is not a norm on E.

We consider the following framework, which is well suited to our prob-
lem: let (E, || -||) be a Banach space, let L € E’ be a linear form over F,
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and let B be a symmetric bilinear form over E which satisfies B(z,z) > 0
for all x € E. Consider the problem

(2.12) Find x € E such that B(x,y) = L(y) for all y € E.

Define the seminorm z +— |z| := \/B(z,z) and the set F' := {x €
E; |z| = 0}. We can easily verify the following properties:

1. F'is a vector space.

2. We must have L(y) = 0 for all y € F' if we wish that problem (2.12)
have solutions. Indeed, since B(x,z) > 0 for all x € F, we have the Cauchy-
Schwarz inequality: |B(z,y)| < v/B(z,2)/B(y,y) = |z|ly|l. So, if z € E
and y € F, we have |B(x,y)| < |z|ly| = 0. In other words,

(2.13) B(z,y)=0forallz € E, y € F.
Therefore, if z is a solution of (2.12) and y € F, then B(x,y) =0 = L(y).
Remark 2.1. Property (2.13) sais that F' = ker B, where

kerB:={y € E; B(z,y) =0 for all x € E}.

3. If z is a solution of (2.12) and & € F' then = + Z is also a solution of
(2.12).

So, if we wish that problem (2.12) be well posed (in the sense that it has
one and only one solution), we have to impose the condition

(2.14) Lip=0

and try to solve the problem over the quotient space E/F, not over E. Note
that L is well defined on E/F, thanks to the compatibility condition (2.14).
The same remark holds for B, thanks to relation (2.13). Now, the problem
we want to solve reads:

(2.15) Find & € E/F such that B(z,9) = L(7) for all § € E/F.

The following abstract result gives the ellipticity of B on E/F under
some additional assumptions. This is equivalent with saying that the semi-
norm induced by B is a norm equivalent with the norm of E/F. Applying
the following theorem to our case give us the Korn inequality for compact
surfaces. Note that some ideas of the proof are close to those used by Duvaut
and Lions in [9], chapter 3, where they have studied the three-dimensional
elasticity problem without boundary conditions.

Theorem 2.2. Let (E, || -||) be a Banach space, let | - | be a seminorm on
E and let (E, || - |jo) be a larger normed space (E C E) such that

(i) There exists ¢ > 0 such that |z| < ¢||z|| for all x € E,

(i) The inclusion (E, || -||) — (E, | - |lo) is compact,

(iii) There exists co > 0 such that ||z|| < co(||z|lo + |z]) for all x € E.

Then there exists C > 0 such that ||2||g/p < C|2|g/p for all & € E/F,
where F:= {z € E; |z| = 0}, ||2|g/p := inf{[|z]|; x € 2} and |2|g/p :=
inf{|z|; z € &}.
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In the case of problem (2.11), (i) means the continuity of the quadratic
form n — B(n,n) and will be given by the continuity of the bilinear form
B, (i) will be the compact inclusion of HL(S) @ H?2(S) in L2(S) @ HL(S)
and (i77) will be an inequality of Korn’s type without boundary conditions.

Proof. We argue by contradiction. If the announced inequality is false, then
there exists a sequence (2, )nen in £ such that ||2,[| g/ = 1 and |2 |g/p — 0
when n — 4-o00.

For each &, we choose a representative x,, such that ||z,| < 2. The
inclusion (E, | -||) < (E,]| - ||o) is compact, so there exists a subsequence
(also denoted by (zy,) for simplicity of notations) such that (z,) converges
in the norm | - | to some element of E. In particular, (x,) is a Cauchy
sequence with respect to the norm || - ||o. By using (iii), we obtain

[#n = @l < co(lzn — 2mllo + |20 — 2m]) < coll|zn = Tmllo + [2n| + [2m])-
Using the fact that |z,| = |#,|g/F for all representative x,, of &), (indeed, if
x, and z), are two representatives of &, then

x, —xp € F and |2)| = |z, + 2, — 20| < |2n| + |2, — 20| = |20l;

in the same way we get |z,| < |z]|, so |z],| = |z,|) and the fact that
|Zn|g/p — 0, we obtain that (z,,) is a Cauchy sequence with respect to the
norm || - .

Since (F, || -||) is a Banach space, there exists x € E such that
lim ||z, —z| = 0.
n—oo
But |2, — SACHE/F = ||lzn — xHE/F < |lzn — 2|, so limp—oo [|[Zn — fUHE/F =0.

Consequently, H»’&nHE/F — H:%HE/F, so we have ||§UHE/F =1.
On the other hand, we have

n—oo

(2.16) |l#nlp/r — 2lp/p| < |on = @lp/p = lon — 2] < cllon — 2] = 0.

But |- |g/p is a norm on E/F. Indeed, if |Z[g/F = 0, then there exists
a sequence (x + yp) of representatives of &, = + y,, (where x is a fixed
representative of & and y,, € F)) such that |z + y,| < L, for all n € N*. We
have

1
2] < |z 4+ yn| + |yn] = |+ yn| < - for all n € N*.

So |z| = 0, which implies that 2 € F and finally & = 0.
Now, using (2.16) and the fact that |Z,|g/p "3 0, we obtain 2g/F =

0, so & = 0. But this is in contradiction with the fact that |||z, = 1 and
the proof is complete. O

Now we can solve problem (2.15) by the following corollary:

Corollary 2.1. Let (E, ||-||) be a Banach space and let B : ExX E — R be a
symmetric continuous bilinear form (there exists ¢ > 0 such that |B(z,y)| <
cllzllllyll for all xz,y € E) which satisfies B(x,z) > 0 for all x € E. Let
F :={x € E; B(z,x) = 0} and let L € E’ be a linear form on E which
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satisfies Ljp = 0. Assume that there exists a larger space (E,| - |lo) such
that B

(i) The inclusion of (E, || -||) in (E,| - |lo) s compact,

(ii) There exists co > 0 such that ||z| < co(||z]lo + /B(=z,x)) for all
reb.
Then there exists one and only one solution of the variational problem

Find z € E/F such that B(z,9) = L(y) for ally € E/F.

Proof. We consider the seminorm x € E +— |z| := y/B(x, z) and the induced
norm on E/F. We have seen in the proof of Theorem 2.2 that |- |g,/p is a
norm on E/F.

The continuity of B imply that B(x,z) < c||z||? for all z € E, so

(2.17) |z| < V/c||z|| for all z € E.

Taking the inf with respect to x € & in (2.17), we obtain that [Z|g/p <
Vellzllg/p for all & € E/F. In addition, inequality (2.17) shows that as-
sumption (i) of Theorem 2.2 is satisfied. The other two hypotheses are
given in the statement of the corollary, so we can apply Theorem 2.2. Con-
sequently, there exists C' > 0 such that

Therefore, the norms || - || z/F and | - |g/F are equivalent.

We also see that L € (E/F, || - ||g/p)'. Indeed, if || — §llp/r — O,
then we can choose y,, and y as representatives for g, respectively g, such
that ||y, — y|| — O (using the same technique as in Theorem 2.2). Since L
is a linear form over E, we have L(y,) — L(y). Since L(y,) = L(y,) and
L(y) = L(y), we obtain

L(Gn) — L(9)-

We know from the general theory that (E/F, |- | z/r) is a Banach space.
Therefore, since the norms || - ||/ and | - |g/r are equivalent, we have that
(E/F, |- |g/r) is a Banach space too. Moreover, the last one is a Hilbert
space, because

(&.3) = B(2.9)

is a scalar product. From the equivalence of the norms, we also deduce the
equality (E/F, |- |5/r) = (E/F, |- |lp/p)- So L € (E/F,|- ). Now, we
can conclude by applying Riesz’s Theorem to the Hilbert space (E /F, B(-,'))
and to the linear form L. O
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Let us come back to our particular case, where
E = H:(S)® H%(S), which is a Banach space,
E = LX(S) & HL(9),

B:ExFE—-R, B(C,n):/A(C,n)ds

L:E—-R, Ln /fnds

where f is a vector field in L*(S) and where

A(¢,m) () = a®7T (p)Vor () (D)Vap(M) (D) + a7 (D) por () (D) Pas(M) (p),

the expression in the right hand side being taken for a map (6,w) such that
p € 0(w). We have already seen that the value of this expression does not
depend on the chosen map.

It is a classical result that E < E is a compact inclusion and it is not
difficult to verify that L is a linear form over F and that B is a symmetric
continuous bilinear form over the same space. We know from [6], Theorem
3.3-2, that A(n,m)(p) > 0 on S, because (7a3(n)(p)) and (pas(n)(p)) are
symmetric matrices. So B(n,n) >0 for all n € E.

In order to apply Theorem 2.2, it remains to verify hypothesis (i),
which can be viewed in this setting as a “weak” inequality of Korn’s type in
the entire space E. To this end, we shall use the inequality of Korn’s type
without boundary conditions for one-mapping surfaces that is proved in [6].

Since S is a compact regular surface of class C3, we can apply Theorem
2.1 and find N maps (0;,w;) of class C3, satisfying conditions (1) — (3) of
this theorem such that S = UN.,6,(w;). We apply the inequality of Korn’s
type without boundary conditions for each map. Accordingly, if n(p) =
fi(x)a’(p), we have for all t € {1,..., N} that

(218) S MlialZ ) + 171320y < ct{z a2y + 17021

« o

DNRUTINES SURET m}

for all §j = (7;) € H*(wy) x Hl(wt) x H?(w;). Here, we have applied The-
orem 2.6-1 of [6]. The hypotheses of this theorem are satisfied, since n €
H?T'(S)® H(S) (with m,n < 2) implies that n € H" (6 (w:)) ® H,(0:(wy))
for all ¢, which is equivalent with 7, € H™(wt), 73 € H"(w:). Moreover,
the norms [|79.[| gm (g, (w,)) a0d |7, [| 57 (6, (w,)) are equivalent with the norms
(T |t (o) 2 () and respectively [|7s] grn (w,)- '

Indeed, we have 7j;(x) = (n - a’)(p) = (0, +n,)(p) - a'(p), so

() = (1, - a®)(p) and 7i3(2) = (n,, - a®)(p).
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Conversely, we have n.(p) = (7aa®)(x) and 1, (p) = (ﬁga )(z). The desired
equivalences come from the fact that a; and a’ are C?(w;)-vector fields.

By using Theorem 3.3-2 of [6], we deduce the existence of a constant
¢+ > 0 such that

(219) A, (}E:\vaﬁ AP+ 2 lpast) (@)?).

Therefore, we infer from (2.18) that

2 2
”nv-HHl(et(wt)) + ”nVHHZ(Gt(wt))

< C} {HTITHiQ(Qt(wt)) - ||17V||§'Il(9t(wt)) +/

O (wt)

A(n,m) ds}

for all n € H(0;(wy)) & H2(0;(wy)).

Since A(n,m) > 0 over S, we also have

2 2
”nTHHl(@t(wt)) + ||’r,l/HH2(9t(wt))

< {1 By + I v+ [ A}

for all n € H(S) ® H?(S). Taking the sum with respect to ¢, we obtain

I sy + By < e Il + s, + ¥ [ Atnmyas).
Consequently, there exists a constant ¢y > 0 such that

Inlle < colllnllz + v B(n,m))

for all § € E, which is exactly hypothesis (iii) of Theorem 2.2, where we
have denoted |n| := \/B(n,n).

For simplicity, let us denote E /ker B by V(). We recall that the space
F that appears in Theorem 2.2 is in fact ker B (see remark 2.1). Applying
Theorem 2.2 to our case, we obtain the following theorem which establishes
the coercivity of the bilinear form appearing in the Koiter’s model:

Theorem 2.3. Let S be a reqular compact surface of class C3. Then there
ezists a constant ¢ > 0 such that

Il s, (/A n,m) ds ) for all iy € V/(9),
where 1 is an arbitrary representative of 1.

Of course, the same result still holds true if one replace the bilinear form
A with the following bilinear form

3

A%(¢,m) = a7y, (O Vap(n) + % a®P77€ pgr (€) pap(m).
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Indeed, with the notation B*({,n) := fs A%(¢,n) ds, it is obvious that A®,
respectively B¢, satisfies the properties of A, respectively B, that we have
used in our analysis. Moreover, we have ker B¢ = ker B.

Now, if the bilinear form is defined by

B = [ (a6 (20al€)t0r () + s C)pre(m)) () s,

we obtain the following theorem which gives the desired inequality of Korn’s
type on compact surfaces without boundary:

Theorem 2.4. Let S be a reqular compact surface of class C3. Then there
exists a constant ¢ > 0 such that

il s < el + o) for all 7 € V(S).

where 1 is an arbitrary representative of 1 and

sy = [ (a7 mam10rm)) () s

lomlegs) = [ (a7 pastm)om(m) () .

The compatibility condition on L® (where L€ := |, ¢ J¢ - mds) become in
our particular case

/fs-nds:O for all n € ker B.
S

We recall that, if ¢,%) € V(s) and (¢,¢’), (n,n’) are two pairs of repre-
sentatives for ¢ and respectively 7, then B*(¢’,n’) = B*({,n) (thanks to
(2.13)) and L(n’) = L(n) (thanks to the compatibility condition). By ap-
plying corollary 2.1 to the spaces F, E. to the bilinear form B¢ and to the
linear form L¢ appearing in our particular case, we establish the existence
of a solution to the Koiter’s model (2.20) for a linearly elastic shell with
a compact middle surface (note that problem (2.20) is the analogue of the
problem (2.8) in the case of compact regular surfaces):

Theorem 2.5. Let S be a reqular compact surface of class C* and let f¢ €
L?(S) be a vector field on S such that Js f°-mds =0 for all n € ker B*.
Then there exists one and only one solution to the problem

Find (€ € V(S) such that

/As(gs,r,) ds = / f¢-nds for all j € V(S),
S S

(2.20)
where (€, m are arbitrary representatives of fe and respectively 7).

Now, we would like to better describe the space V(S) For exemple,
the first natural question is to find out if V'(S) is a proper quotient space
of HL(S) ® H%(S), i. e., to find out if ker B = {0} or not. The answer is
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given by the following theorem, which describes the space ker B in the case
of general regular surfaces (defined by (2.1)).

Theorem 2.6 (infinitesimal rigid displacement lemma on a general regular
surface). Let S be a regqular surface of class C° and let n be a vector field in
ker B. Then there exists two vectors c,d € R? such that

np)=c+dAp, forallpe S,

where p :=0p s the position vector of p.

Proof. Let pp € S and let (0, w) be a local map at py (i.e., pp € f(w) C 5)
such that w C R? is connected, 6 : w — R? is an injective application of class
C3, §(w) is open in S, and the vectors (9,0) are linearly independent in all
points of w. Notice that such a map exists, by the definition of a regular
surface of class C® (see section 1).

Since n € ker B, we have in particular B(n,n) = 0, which is equiva-
lent with A(n,n) = 0. Consider the surface S’ := 6(w) and notice that
A(ngrsmis) = A(m,m)s = 0 on S”. Therefore, it follows from (2.19) that
Ya3(N) and pas(n) vanish on S’. Applying Theorem 2.6-3 of [6] to the sur-
face S’ and to the vector field g thus gives the existence of two vectors ¢(f)
and d(0) such that n(p) = ¢(0) + d(0) A O(z) for all x € w, or equivalently,
that

n(p) = c(0) +d(0) Ap for all pe S'.

So “locally”, the theorem is true. To prove the global result, it suffices to
show that ¢(f) and d(6), which apparently depend on the local map, are in
fact constants over the entire surface S. To this end, the decisive argument
is the connectedness of S.

Since S is a regular surface of class C?, there exists a collection of maps
(0¢,wt)tea such that wy are connected, S = Uy 40i(wy) = UieaSt, and 6, wy
satisfy conditions (1) — (3) of (2.1). Notice that S; := 6;(w;) are also regular
surfaces of class C3.

We have seen in the first part of the proof that, for all ¢ € A, there exist
ct,d; € R3 such that n(p) = ¢; +d; A p, for all p € S;. Now, fix tg € A and
define the sets

Ap = {tEA; Ct = Cy, and dt:dto} and A1:A\A0

Then Sy := Uiea, St and S := Uic 4, S¢ are open sets in .S, since each S; is
open in S. Obviously, S = Sy U S; and ¢y € Ag, so Sy, C Sp, which proves
that So # 0.

Now, let us prove that S; = (). We argue be contradiction. Suppose
that S; # (), which is equivalent with A; # (). Then Sy N S; # @, because
S is connected. So there exists t; € Aj such that S;;, NSy # 0. For all
p € St NSy, we have

(221) 77(17) = Cty + dt1 /\p = Cyy + dto /\p
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Since Si, N Sy is open in S, there exist three non-colinear points p,q,r €
Sy, NSy (ie. p—q # ANp — ) for all A € R). Otherwise, for any local
map that describes a portion of S, N Sy, the vectors a, cannot be linearly
independent. We write (2.21) for p, g and r:

cy, tdy ANp=cy +di, Ap
¢y, +dy Ngq=cy +diy N q
Ct1+dt1/\’l":CtD+dto/\’f‘.

Substracting the second equation from the first one, we obtain d¢, A(p—q) =
di, \(p—q), so that (di, —d¢,) N (p—q) = 0. Therefore d¢, —dy, is colinear
with p—q. We make the same operations with the first and the last equation
and we obtain that d;, — dy, is also colinear with p —r. That is, there exists
A, v € R such that

dy, —dyy =Ap—q) =pp—r).
But p — q and p — r are non-colinear, so we must have A = y = 0. Conse-
quently, d¢, = dy,. Moreover, ¢;, = ¢4, thanks to (2.21). But this proves
that 1 € Ap, which contradicts the fact that ¢; € A; (because Ay and A;
are disjoint sets, by definition).
So S1 = 0 and S = Sp. To conclude the proof, we take ¢ = ¢, and
d=d. O

Remarks 2.2. 1. Using the same arguments as in the previous proof, where
we have shown that S; = ), we can prove that ¢ and d of Theorem 2.6 are
unique for a given vector field n € ker B.

2. Theorem 2.6 shows not only that V'(S) # HL(S)® H?2(S), but more
precisely, that V'(S) is isomorphic with a subspace of HL(S) ® H?2(S) of
codimension 6.

3. Theorems 2.3, 2.4 and 2.5 also holds true for a larger class of surfaces,
more specifically, for surfaces of class C? with Lipschitz boundary such that
the set S U IS is compact (here, 9S is the boundary of S as a surface, not
as a subset of R?). Indeed, we have used the compactedness of the surface
only in the proof of Theorem 2.1, or this theorem also holds true for the
surfaces described above.

4. Let S be a general bounded surface with boundary and let ' be a
measurable subset of the boundary of S whose relative measure is > 0. If we
require that the solution of Koiter’s problem (2.9) satisfy in addition some
boundary conditions on I', then the quotient space V(S) = E/ker B ap-
pearing in Theorem 2.3 coincides with the entire space E. More specifically,
problem (2.9) is posed in this case over the space E = Vi (S), where

Vi(S):={neHLS)& H,(S);n=0m,=0onT},

where the normal derivative of any vector field & = (&) € H?(S) is defined
by 8,§ := (V¢&;-v) over the boundary of S. Here V§; := [¢;],a®, where [{]|,
are the covariant derivatives of the function &;. The equality E/ker B = E
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comes from the fact that ker B = {0} over Vi(S). One can prove this by
using theorem 2.6 together with a connectedness argument. If, in addition,
S is a surface with Lipschitz boundary such that the set SUOS is a compact
set (see the remark above), then we obtain the analogue of theorems 2.4 and
2.5 with V(S) replaced by Vi (S). Note that in the case of one-mapping
surfaces, these theorems have already been proved in [6] (see Theorem 2.6-4
and the begining of chapter 7).

5. Even in the case of compact surfaces without boundary, we can avoid
considering quotient spaces. It suffices to consider the space V| (5) :=
{n € HL(S)® HZ(S); [¢n-{ds = 0 for all ¢ € ker B} instead of the
space V(S). Note that the space V | (S) is in fact the subspace (ker B)+
of H1(S) ® H?2(S), where the orthogonal of ker B is taken with respect to
the scalar product (n,¢) — |, M- ¢ds. This idea has already been used by
Slicaru in his doctoral dissertation [12]. However, fixing in this manner a
representative of f € V/(S) (since this is what we do eventually) does not
correspond to any physical requirement or principle. This is why we have
preferred to solve the problem over the quotient space V(S ).

6. The regularity of the surface S can be weakened by using (for each
local map) the results of Blouza and Le Dret [3] and of Anicic, Le Dret and
Raoult [1] on shells with little regularity. For instance, Theorem 2.6 still
holds true if the surface S is of class W?> and

n € ker B := {nc H'(S); B(n,¢) =0 for all ¢ € H'(9)}.

In this case, the covariant components of the linearized change of metric and
curvature tensors are defined by

1
'Vaﬂ(n) C= 5(8677 ‘@ + 0am aﬁ)
paﬁ(n) L= (%/3"7 - Fgﬁacr'r’) $ag.
For further details see Blouza and Le Dret [3].
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CHAPITRE 3

Sur les immersions isométriques d’un espace de
Riemann

RESUME. On considére une métrique Riemannienne dans un ouvert de
R? et on suppose que son tenseur de courbure de Riemann s’annule.
Si la métrique est de classe C?, un théoréme classique en géométrie
différentielle affirme que l'espace de Riemann peut étre plongé locale-
ment dans ’espace euclidien d-dimensionnel par une immersion isomé-
trique. On établit que, si la métrique est de classe W)™ et son tenseur
de courbure de Riemann s’annule, alors I’espace de Riemann peut encore
étre plongé localement dans ’espace euclidien d-dimensionnel par une
immersion isométrique.

Ce travail a fait I’objet des publications suivantes :

MARDARE S., On isometric immersions of a Riemannian space with little
reqularity, accepté dans Analysis and Applications.

MARDARE S., On isometric immersions of a Riemannian space under weak
reqularity assumptions, C.R. Acad. Sci. Paris, Ser. I 337, 2003, 785-790.
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On isometric immersions of a Riemannian
space with little regularity

ABSTRACT. Consider a Riemannian metric in an open subset of the d-
dimensional Euclidean space and assume that its Riemann curvature
tensor vanishes. If the metric is of class C?, a classical theorem in dif-
ferential geometry asserts that the Riemannian space is locally isometri-
cally immersed in the d-dimensional Euclidean space. We establish that
if the metric belongs to the Sobolev space VVlf)’COo and its Riemann curva-
ture tensor vanishes in the space of distributions, then the Riemannian
space is still locally isometrically immersed in the d-dimensional Eu-
clidean space.

1. INTRODUCTION

Let a Riemannian metric in an open subset Q of R? be given by a
symmetric positive definite matrix field (g;;) and assume that its Riemann
curvature tensor vanishes. This means that

O, — 0T + Ty I — T}, = 0/in Q
for all 4, j,k,p € {1,2,...,d}, where

Iy = %gkl (0igji + Ojg1; — Ngij)
are the Christoffel symbols associated with the Riemannian metric.

If the components g;; of the metric tensor are of class C?, then a classical
theorem in differential geometry asserts that the Riemannian space (€2, (g;;))
is locally isometrically immersed in the d-dimensional Euclidean space, that
is, for any given point of €, there exist a neighborhood V of the given point
and an application © of class C® from V into the d-dimensional Euclidean
space such that g;;(z) = 88973) : 82)73) for all x = (z1,x2,...,xq) € V (see [11]

for instance). If in addition §2 is simply-connected, then there exists a global
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isometric immersion as shown in [3]. Besides, such an isometric immersion
is unique up to isometries in the d-dimensional Euclidean space.

This classical result has been recently improved: if the components g;;
of the metric tensor are of class C', then it has been proved in [7] that the
Riemannian space is locally isometrically immersed in the d-dimensional
Euclidean space by a mapping © of class C2.

The purpose of this paper is to show that the continuity of the deriva-
tives of the metric (g;;) can be further relaxed in order that the Riemann-
ian space be locally isometrically immersed in the d-dimensional Euclidean
space. More specifically, we assume that the metric is of class VVI}DSO in © and
that its Riemann curvature tensor vanishes in a distributional sense. Then
we show that the Riemannian space is locally isometrically immersed in the
d-dimensional Euclidean space by a mapping © of class I/Vlzocoo in its domain
of definition. If in addition €2 is simply-connected, then we show that the
Riemannian space (2, (g;5)) is isometrically immersed in the d-dimensional
Euclidean space, that is, the isometric immersion © is defined over ). Since
the local result is an immediate consequence of the global result, only the
latter is presented in this paper.

2. PRELIMINARIES

All functions and fields appearing in this paper are real valued and the
summation convention with respect to repeated indices and exponents is
used. Boldface letters designate vectors or vector fields and capital letters
(except © and @, which designate vector fields) designate matrices or matrix
fields.

The d-dimensional Euclidean space will be identified with R%. Let w - v
designates the Euclidean inner product for u,v € R? and let |u| = u - u
denote the Euclidean norm of u € R%.

Let M? designate the set of all square matrices of order d, let S‘i des-
ignate its subset of all symmetric, positive definite matrices of order d, and
let @ designate the set of all orthogonal matrices of order d. An isometry
in R? is an element of the set

{ueR— a+Qu;acR? Qe 0}

The notation M?%! designates the space of all matrices with ¢ rows and 1
columns. The space M%! is endowed with the operator norm | - | defined by

|A| := sup @
zerI\{0} 7]
It is well known that |A| is also given by the square root of the largest
eigenvalue of the matrix A” A (AT denotes the transpose of the matrix A).
Notations such as (a;;), or (az-), designate the matrix whose entries are the
elements a;;, or aé-, which may be either real numbers or real functions. The
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first, or upper, index is the row index and the second, or lower, index is the
column index.

The open ball of radius R > 0 centered at 2 € R? is denoted B(z, R)
and the distance between two subsets A and B of R? is defined by

dist(A, B) = xeg,lfeB |z — yl.

Let Q be an open subset of R?. Given two points z,y € §, a path
joining x to y is any mapping v € C°([0,1];R?) that satisfies v(t) € Q for
all t € [0,1] and v(0) = x and (1) = y. The image by ~ of the interval
[0,1] is denoted Im~y := {~v(t);t € [0,1]}. Such an open set Q is connected
if and only if, for all x,y € Q, there exists a path joining x to y. The set
Q) is simply-connected if and only if, for all vy,~v; € C°([0,1];) such that
Y0(0) = v1(0) and (1) = 7, (1), there exists a homotopy joining v, to 7y,
an application ¢ € C°([0, 1] x [0,1];Q) such that

@(t,0) = v, (t) and (t,1) = v, (¢) for all t € [0,1],
p(0,5) = v(0) and ¢(1,s) = v¢(1) for all s € [0,1].

A subset Q of R? satisfies the cone property if each point of £ is the vertex
of a cone contained in € along with its closure, the cone being defined by
the inequalities y7 +y3 + ... + y5_, < by2 and 0 < y4 < a in some Cartesian
system, where a,b are constants. Notice that a bounded open set with a
Lipschitz boundary satisfies the cone property.

The geodesic distance between two points x,y € € is the infimum of the
length, denoted L(7y), of all paths joining x to y and the geodesic diameter
of © is the number Dg € [0, co] defined by

Dq := sup inf{L(~); - is a path joining x to y}.
z,y€e)

For any open subset Q of R%, d > 1, the space of indefinitely derivable
real functions with compact support included in Q is denoted D(2). The
support of a continuous function ¢ : 2 — R is defined as

suppy = {z € Q, p(x) # 0}.

The space of distributions over 2 is denoted D’(£2). The usual Sobolev space
being denoted W™P(Q; M%), we let

WP (Q; M) = {Y € D/(Q; M), Y € WP (U; M%)
for all open set U € Q},

where the notation U € 2 means that the closure of U in R? is a compact
subset of 2. For real-valued function spaces, we shall use the notation
Wm™P(Q) instead of WP (Q;R), D(R) instead of D(Q2;R), etc.

Let © = (x1, 22, ..., 2q), ¥’ = (21,22, ...,x4-1) and 2" = (z1, 22, ..., 4_2)
respectively denote a generic point in R?, R?! and R?2. The Lebesgue
measure in R? is denoted £%, or dx when it is used in a Lebesgue integral.
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A subset in R¥, k > 1, is said to have zero measure if its £*-measure is zero.
Finally, let

) olel
0; = and 0% :== ————4-,
YT Oy Oz ...0xy"
where a := (a1, ag, ..., ag) is a multi-index and |a| :== a1 + a2 + ... + ag.

We also make the following convention for classes of functions with re-
spect to the equality almost everywhere, which is an equivalence relation: if
fe Li® (€2), we will always use the representative f of f given by

1 -
f(z) —hgl}élfw/m“) f(y)dy,

where f is any representative of the class f € LlOC(Q) (this definition is

clearly independent of the choice of the representative f ) This choice of the
representative insures that

||fHLoo(U) = sup | f(z)| for all open subset U & {2.
zcU

Also, for any f € VVI}) >°(€2), we will choose the continuous representative f
of f.
The notation (g;;) € e Wb OO(Q S?) means that each component of the

loc
matrix belongs to the space VV10C (Q) and that (g;j(z)) € SL for all z € .
For simplicity, we will use the same notation for a class of functions and its
representative chosen as before (i.e., f will denote either the class of f in
L2 () or its representative chosen as before), the distiction between them
being made according to the context.

3. PRELIMINARY LEMMAS

We gather here two lemmas which are needed in the proof of the main
result (see Theorem 3.1) of the next section. The first lemma is a stronger
form of the Lebesgue-Besicovitch theorem (see [8, 12]). In its statement
below, £} (R?) designate the space of all measurable functions (not classes
of functions) whose modulus is locally integrable.

Lemma 3.1. Let f € L}, (R?). Then there ezists a set Xy C R with zero
measure such that

f('?jd) € ‘Clloc(Rd_l)

and
Tqte
(3.1) hm/ / | f(2', zq) (:E/,fd)’dx:()

for all bounded open sets ' C R¥™ and all numbers Tq € R\ Xy .

Proof. Since any bounded subset of R4"! is contained in a ball B, :=
B(0,n), where n € N, it suffices to prove (3.1) for all o’ = B, n € N.
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Note that f belongs to £!(By, x (—n,n)) for all n € N. Then Fubini’s the-

orem shows that there exists a set X,, C (—n n), with zero measure, such

that f(-,Zq) € LY(By) for all Ty € (—n,n) \ X,. Let X = UpenXp. It is

casily seen that the measure of X is zero and that f(-,Z4) € £1(B,) for all

Tq € R\ X and all n € N. Therefore f(-,T,) € Ll (R4 for all 74 € R\ X.
Note that if ¢ is a function of £!'(R?~1), then the function

rg € R+— \f(2',2q) — q(z)|d2’ € R
By

belongs to L] (R). Let @ be a countable and dense subset of £!(R?"!). By
Lebesgue-Besicovitch theorem, for each ¢ € @, there exists a set X (¢,n) C
R, with zero measure, such that

lim 1 /Id%S / |f(@',2q) — q(a')| da’ § dx
e—0 2€ Ed—&‘ Bn i d
= / ‘f(ac/,fd) - q(x/)‘ dx’
By

for all 7; € R\ X(g,n). Let

Xg=UueoX(q,n)U X
neN

and note that its measure vanishes. We are now able to prove (3.1) for
w' = B,
Let Z; € R\ Xy and let a sequence (g,,) € @ be such that

lim |f(@',Zq) — qm(2)| da’ = 0.

m—00

Then
Tq+e
lim sup o~ / / (@', 2q) f(x',fd)‘ dx
Tq n

e—0
Tq+e
< hmsup/ / (2, q) — gm(a')| dx
e—0 n

T /B £ 70— anah)] s’

= 2/Bn }f(:n’,fd) - qm(x’)‘ dx’'

for all m € N. Since the right hand side goes to zero as m goes to co, relation
(3.1) is proved for w’ = B,. This implies that relation (3.1) holds for all
bounded open subsets w’ of R¥~1, O

Remark 3.1. If in addition f € £°(R?), then the set Xy can be chosen in
such a way that f(-,Z4) € LX(R?!) for all Ty € R\ Xy.
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Lemma 3.2. Let w = W' X (Tq—eq,Tq+€q) be an open parallelepiped in R,

where W' = Hf 11(1'2 —&,Ti+&) and d > 1, and let A, B,C € L*>®(w;M!),
l>1. Let M > 0 be a constant such that

max { 1Al o unatys 1Bl o winenys 1€l ounan < M

and let Uy, Vy be given in L (w; M%), For almost all 2’ € W' and all x4 €
(Tq — €4, Tq + €q), define Up (2!, 24), Vi (2, x4) € MP! by

Tq
U (2, 24) = / (UnA) (' 1)y,

Zq
Tq Zq
Vn+1(l‘,, :Bd) = / (VnB) (l'/, td)dtd + / (UnC) (x/, td)dtd
Tq Zd

for alln € N. Then U,,V,, € L>®(w;M%!) and
M"e]

HUnHLOO(w;MqJ) < HUOHLoo(w;Mq,l) )

“4 (IVoll e ooty + P00l o ey -

IVall oo (wipaaty <

Proof. By Fubini’s theorem, the integrals appearing in the right-hand-sides
of the relations defining Uy, 1 and V;,;1 are well defined for almost all 2’ € o'.
Furthermore, U, 1 and V,,1 are mesurable. For, if f is a given element of
L'(w) and g : w — R is defined by g(2/, 24) fxdf (2',tq) dtg, then the

function g is measurable. Indeed, with f :w X R — R defined by

f@ tg) if x4 > T4 and tg € (Tyq, zq),
]?({B/, x4, td) = —f(SU/, td) if vy <Zqandty € (:cd,fd),

0 otherwise,

we have g(2/, xq) fR x',xq,tq) dtg and the mesurability of g is given by
Fubini’s theorem. The boundedness of U, 41 and V11 follows immediately.

Now, let us prove the inequalities announced in Lemma 3.2. We will
first prove the following inequalities

M"|zq — Za|"
|Un (2", 2q)| < THUOHLOO(W;MN)a
Mn’xd—fdw
Vala @) £ =0 (Vo e optoty + 7ol o o)

for almost all z = (2/,z4) € w and all n € N. Since |zg — T4| < &4, the
desired inequalities follow.

We proceed by a recursion argument. It is obvious that the inequalities
above are verified for n = 0. Assume that they are verified for a given n.
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Then, for all (z/,24) € w, we have
‘Un-‘rl(‘r/? xd)’

< /xd \Un (@', ta)| |A(2,ta)|dtq

/md |Un (2, tq)| dtq

Zq

zq Mn|td _Ed|n
/x Con 1001l oo (eopaaty dta

Td

<M

B Mn+1|.27d _fd‘n-i-l ||U ”
B (n+1)! OILo (w;Me-t)-

The second inequality is obtained in the same manner. O

4. A KEY PRELIMINARY RESULT

The following result constitutes a key step towards establishing the main
result of this paper (Theorem 3.3).

Theorem 3.1. Let ) be a connected and simply connected open subset of
Re and let a point 2° € Q and a matriz YO € M9 be fized. Let matriz fields
Aq € L (MY and B, € L2 (Q; M%) be given that satisfy
OaAp + AaAp = 05Aa + AgAa in D' (M),
OaBg + BaAg = 03Ba + BgAq in D' (M),
Then the Cauchy problem

0aY =Y Ay + By in D' (; M%),

V(2% =Y?

(3.2)

has a unique solution in W/Ii’é’o(Q;Mq’l).

Proof. We wish to solve the Cauchy problem

(3.3) 0aY =Y Ay + By in D'(Q; M%),
(3.4) Y (2%) = Y°.

This cannot be done by classical methods since the coefficients A, and B,
appearing in this system are only of class L locally.

The outline of the proof is as follows. We first solve the system (3.3) lo-
cally by integrating the equations appearing in this system along a “special”
set of straight lines, defined with the help of Lemma 3.1. Because of the
lack of regularity of the coefficients A, and B,, we cannot integrate these
equations directly, but only through a sequence of approximating solutions.
Then, the local solutions to the system (3.3) will be glued together by using
sequences of local solutions along curves starting from a given point z°. We
show that this definition is unambiguous thanks to the simple-connectedness
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of the domain {2 and to a uniqueness result for the local solution to the sys-
tem (3.3). The proof is broken into six steps, numbered (i) to (vi).

(i) Conventions and notations. Throughout the proof, the integers
d,q,1 > 1 (which appear in RY, M%!, or M! for instance) are fixed once
and for all and the integer n will be used exclusively for indexing sequences.
Greek indices vary in the set {1,2,...,d} and Latin indices vary either in
the set {1,2,...,q} or in the set {1,2,...,1} according to the context. For
instance, i varies in the set {1,2,...,l} when used for indexing the rows of
a matrix (Agj) € M, while i varies in the set {1,2,...,¢} when used for
indexing the rows of a matrix (Bij) € M-,

If x := (x1,29,...,24) is a point in R? and a, B € {1,2, ...,d} with a < 3
are two given indices, then we let

Ta..p = (xa7xa+17-~-7 ,3)7
(.’L’_“,.T,',g,f ) ( '7x,3717xﬁ7f5+17"'7fd)7
tp) = (x1, ., 251, 1p),
=dx

d:ca R d$a+1 dzxg, etc.

Let Afyj and foj respectively denote the elements of the matrices A,
and B, where ¢ is the row index and j is the column index. Recall that,
according to the conventions made in section 2, the functions Aij and By,
satisfy

sup [Ag;(2)] = [ ALl Loy and sup |By;(2)| = | Bl =)
zelU zeU
for all open subset U & €.

(ii) Definition of a subset S of R%. For each integer n > 1, define the
open set Q, := {z € Q; |z| < n and dist(z, Q°) > 1/n}, where Q° := R%\ Q,
and define the functions Aéj (n), foj (n) : R4 = R by

A (n)(a) Agj(x) it x €y,
@i nilxe) =
! 0 if € R\ Q,

and

B (n)(a) Bli(z) ifz ey,
Oé‘ n €Tr) =
! 0 if z € R\ Q.

Then Q = Uy Qp, O € Uy and Al (n), B ;(n) € L¥(RY) € L} (RY).
Therefore, Lemma 3.1 (and Remark 3.1) shows that there exists a set
Xq4(a, i, j,n) with zero measure such that

Egj(n)(-,fd) € L®°(R¥1) and Eéj(n)(~,fd) e LR
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and that the following two relations hold

Ta+e ~
_ _ Al - _
61_{% 28 - Z‘ axd) Aa] (n)(x 7xd>) dx 0,
(3.5) derE
ni - .
81_13% 2—8 . (2, xq) — By;(n)(x ,xd)‘ dr =0

for all 75 € R\ Xd(a,z,j, n) and all open bounded subset w’ C R41. Let
Xda = Uq,ijnXda(e,i,j,n) so that X4 has zero measure. Therefore, if Z, €
R\ X4, relations (3.5) hold for every a4, j, n and every bounded open subset
W C R

For each 7; € R\ Xy, we apply Lemma 3.1 to the functions ggj(-,fd)
and Egj(-,fd). Accordingly, there exists a subset X4_1(Z4, @, 4,j,n) of R
with zero measure such that

gf)zj (n)(7 Td—1, fd)v Eij (TL)(, Td—1, fd) S LOO(Rd_Q)
and the following two relations hold:
(3.6)

Tg—1+€ N
hm — A
e—0 2¢ Tg_1—€ W

Tg—1+t€ R
hm — B
e—0 2¢ Ty_1—¢€ W

for all g1 € R\ Xyq_1(ZTg,,1,74,n) and all bounded open subset w” C
RY2. Let Xq_1(Tq) = Ua,i,jnXd—1(Z4, o, 1, j,n) so that X4_1(Z4) has zero
measure. Therefore, if 7, € R\ Xy and Ty—1 € R\ X4_1(Z4), relations (3.6)
hold for every a,i,j,n and every bounded open subset w” C R%~2,

In a similar way, we define the subset Xy o(Tq—1,%4) of R for every
numbers Ty € Xy and Tg—1 € Xyg-1(Tq), and, after (d — 1) steps, the
set Xo(Ts3,...,Tq) for every numbers Ty € Xg4,Tg-1 € Xg-1(Tq),...,T3 €
X3(Zy, ..., Tq). Since the sets X4, X4-1(%q), ..., and Xo(Ts, ..., T4) have zero
measures, the sets R\ Xy, R\ X4-1(Zq), ..., and R\ X5(T3, ..., T4) are dense
in R.

We next define the set of points of R¢,

~.

n) (", Ty_1,Tg) — Agj(n)(x”,fd_l,fd)‘ 4o’ =0,

n)(z", Tg_1,Ta) — ng(n)(x",zd_l,fd)‘ dz' = 0

(3.7) S={7:= 71,72, ....74) € RY; Ty € R\ Xy,
Td—1 GR\del(fd) . T2 GR\XQ(l'g,..., ) x1 ER}
Clearly, the set S is dense in R? and the set S N is dense in €.

In the next step, we will show that the system (3.3) possesses a solution
in any open subset of R¢ of the form
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where T € SN and ¢; > 0 are such that @ C ). We also denote

«

Wo = H(E‘ —&,Ti + &),
i=1
for all o € {1,2,...,d}.

Since 2 = Uy, and ,, C Q,41 for all n, there exists an integer ng €
I?T\lsuch that w C Qp,. Therefore, Ay ;(x) = A, ;(no)(z) and B ,(x) =
By, ;(no)(z) for all z € w. This implies that, for all points Z in the set S and
for all 7 € {2,3,...,d}, the functions Agj(-,fr,...,fd) and Béj(~,fT,...,fd)
belong to L (w,— 1) and also that

Trte
hm/ / |A o Try D) — AZ ( W Tr, T ’dazl +=0,
wr 1

T+ )
lim / / |B T, T) = Bi(x T, T |dw1 +=0.
Tr Wr—1

(iii) Let two constants c¢1 > 0 and ca > 0 satisfy
max || Ag|| oo (waay < €1 and max || Ba || poo (imaty < €2,
« «
and let there be given a matriz Y € M%!. Then there exists a solution
Y € WH(w; M%) to the system
0,Y =Y Ay + By in D' (w;M®Y), for all a € {1,2, ..., d}

3.9 _

(3.9 Y(z)=Y.

In addition, this solution satisfies the inequality:

(3.10) V]| oo (wapaty < € ETT2) LV 4 ea(er + ... +q) } -

In what follows, the partial differential equations are understood in a
distributional sense. We construct a solution to the system (3.9) recursively.
First, we define a solution Y; = Yi (-, Za. q) € W1 (wy; M%!) to the system

Y1 =Y1A1(-, T2 a) + Bi1(-, T2..4),
}/1(51) =Y.

Then we use Y; to define a solution Yo = Ya(-, %3 4) € W (we; M%) to
the system

8aY2 = }/ZAOc(HEZS...d) + Ba('7f3...d)7 o€ {]-7 2}7
Y(T1,72) =Y,

and, after d steps, we use Y;_; to define a solution Yy € W1 (wg; M%) to
the system

0aYy = YjAn + Ba,a € {1,2, ...,Cl},
Yd(f) =Y.
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Finally, the solution to the system (3.9) will be given by Y = Y. In order
to prove the existence of Y7, Ys,..., Yy, it suffices to prove the existence of
Y3 for a fixed § € {1,2,...,d} under the assumption that Y7,Y5,...,Y3_;
exist. We make the convention that Yy := Y, so that the existence of Y;
reduces to the general case. From now on until the end of this step of the
proof, (3 is kept fixed, o vary in the set {1,2,...,8 — 1}, Aua(21,...,28) =

An(x1, .y 28,41, ..., Tq) and By (21, ..., 28) = Bo(21, ..., 28, Ta41, ..., Td)-
We wish to prove the existence of a solution Yz € W1 (wg; M%) to the
system

0:Ys = Y3A, + By in D (wg; M), 7 € {1,2, ..., 8},

3.11 _
( ) Yg(flnﬂ) =Y.

To this end, we define a sequence of “approximating solutions” (Yﬁn Jn>0 that

will eventually converge to a solution to (3.11). For almost all (1. 5-1) €
wg—1 and all zg € (Tg —eg, Tg+¢eg), we define the sequence (Yﬂ”(xlg)>

. neN
by letting

Y[?(xlmg) =0,
s

Y (21..p) = Y1 (21.5-1) + / (Y3 A + Bp)(x..., tp)dts.

s

Let us first prove that the fields Y3' belong to the space WL (wg; M) for
all n > 0. We proceed by a recursion argument, at the end of which the
fields Yé) and Yﬁl will be shown to belong to this space. We now prove that

if the fields Y;fl and Y, n > 1, belong to the space Wl’oo(wg;Mq’l), SO
does YB”H.
From (3.12), we deduce that Yg“ € L>®(wg; M) and that

(3.13) 0pY5 ! =Y Ag + Bg in D' (wg; M),
Hence 85Yé‘+1 € L*®(wg; M%), Tt remains to prove that the partial deriva-

tives (%Yé‘“ belong to the space L (wg; M%!).
Let ¢ € D(wg) be a fixed, but otherwise arbitrary, function. Then

(3.14) /(Y/g?1+1aa90)($1...ﬁ)d$1...ﬁ:/ Yg_1(21..8-1)0ap(x1. g)dT1. 3
wg wg

zg - -
+/ {/ (Y5 Az + Bg)(x_,_,tg)dtg} Ontp(1..8)dz1. 8,
wg

Tg
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which implies on the one hand that

(3.15) /(Y/g?1+18a90)(371...6)d5171...5:_/ O0aYp-1(r1.8-1)(x1. g)dx1. 8
wp wg

g ~
[ [ 0t ) Attt
wp J T3

g ~
+ / / Oa (Y2 (& ta)p(z1.p)) As(z. . tg)dtadey g
wg

g

rg __
+// Bg(x..,t3)0ap(x1..g)dtgdxy. 5.
wp JIg

On the other hand, a lengthy calculation, which uses in particular the “com-
patibility conditions” (3.2) and the definition of the set S (see the Appendix
at the end of the paper for the complete proof of the following two relations),
shows that the last two terms of the relation above are given by

l‘ﬁ ~
(3.16) // Oa (Y5 (2., t5) (..., x5)) Ap(z..., tg)dtgdr1. g
wg J T3

) / {/mﬁ (aﬁyﬁng"‘)(x---vtﬁ)dtﬁ} p(z.,x)dy.
wg T3

+/ (Yﬁga)(fl?...,xﬁ)90($...7$5)d931...ﬂ—/ (Y3 Aap) (., xg)dr1. 8
wg wg

’ /“’ﬂ {/m;(yél@“gﬁ N gﬁg&))(iﬂ.--,t,@)dtﬁ} p(@..xp)dz1 g

and

g ~
(3.17) / / aa@(l‘,,,,l‘/g)Bg(xm,tg)dtgdxl_ﬂ
wg JTg

=/ Ba(x---vxﬂ)‘:@(ﬂf...,mﬁ)dl'l..ﬂ_/ (Baw)(z...,xg)dr1.
wg wp
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Using these last two relations in (3.15) yields

(3.18) —/ (Yﬂ”HaaSO)(SE...,xﬁ)dm..ﬂ
wg

_ / (V3 A0+ Ba)(z..25)p(x.. 2p)dir_s
wp

g

zg ~ U
+ / {/ ((8QY5” — Y[;L_IAO[ — BQ)A5> (x,_,,tg)dtg} o(x. ,xg)dx;. g
wg

rg ~ o~ ~ o~
- / {/ ((Yﬁn — Y5 ) (Aads — AﬁAa)) (x...,tg)dtﬁ} p(x_,xp)dry s
ws | 75

s ~ ~
- / {/ ((aﬂyﬁn - YE_IA@’ - Bﬁ)Aa) (x...atﬁ)dtﬁ} o(x.,xg)dx. g
ws g

+ / {(%Yg,l(xl, e Tg_1) — (Ygﬁa + §a> (:c,fg)} o(z._,xg)dry. g.
ws

But the last two integrals vanish since
85Yé1 = (Y;_lgg + gﬁ) a.e. in wg
and
8aYﬁ_1 = Yﬁ—lga('afﬁ) + ga('afﬁ)
= (Yﬁ?;fa + Ea)(-,fg) a.e. in wg_1,

thanks to relation (3.12) with n replaced by (n — 1). Note also that in the
second relation we have used the fact that the continuous representative of
the class of Y3 in W1 takes the value Yg_1(x1..5-1) at (z1..3-1,%3) since
the representative defined in (3.12) (with n replaced by (n—1)) is continuous

at (z1.3-1,Z3) and takes the same value (i.e. Yg_1(x1. 1)) at this point.
Therefore, relation (3.18) becomes

g 1v o=
+/ {0aY3 = Y37 A0 = Ba) A5} (w., ta)dts
zs

(319) 0.Y) Nz, 25) = (V) Aa + Bo)(x...,75)

_ /Iﬂ {(Yﬁn - Yg”l)(gagg — Zﬁﬁa)} (x..,t5)dts
g

in D'(wg; M?). Since the right-hand-side above belongs to L% (wg; M%!), the
derivative GQYB”H belongs to the same space. Since we have already proved
that Y[?“ and 833%”1 belong to L>(wg; M?!), the field Yﬁ”+1 belongs to
the space W1 (wg; M),

In order to complete the recursion argument, we have to prove that Yﬁo
and Yﬁ1 belong to the space W1 (wg; M%), It is clear from the definition
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(3.12) of the sequence (Yj') that YBO € W (wg; M), Yﬁl € L>®(wg; M44),
and N

93Y3 = Bg in D' (wg; M?').
Since relations (3.14) and (3.17) hold for n = 0, combining them shows that

0aYj (.., 15) = OaYp_1(21, ..y 5-1) — Balz.., Tp)

~ g ~ o~
+ Bale,2p) / (Bads — ByAo) (., ta)dts

Zg

in D' (wg; M%), Since the right-hand-sides of the two relations above belong
to the space L™ (wg; Mq’l), the field Yﬂ1 belongs to the space Wl’oo(wg; Mq’l).
This completes the recursion argument. Therefore, Yﬁ" € Wl’oo(wg; Mq’l) for
all n > 0. Moreover, relations (3.13) and (3.19) show that the derivatives of
the fields Yﬁnﬂ, n > 1, are given by (recall that « € {1,2,...,6 — 1}):

Yy (w1..5) = (ngﬁa + Bo)(x1..5),

g 1w s
+ / {0aY3 = Y37 A0 = Bo) A5} (w., ta)dts

(3.20) s

+ [ - (Aed - L) (et
zp

03YH (w1,.p) = (YFAg + Bp)(x1..9)-

We now prove that the sequence (Y3') converges in L2 (wg; M%!) and
that its limit satisfies the system (3.11). Let

M = mae { || Arll o apte)s 2047 e e }

From (3.12), we infer that

V=V = [

LB

T3 ~
(Vg = YF Y Ap)(x.., tp)dts

By applying Lemma 3.2 to this relation with U, := (Yﬁ"Jrl — Yél) and to
(3.20) with V;, 1= (0¥} — Y} Ao — Bg), we deduce that
"eh
Y5~ Y3 e opptnsy < ¥R gy
and
HaOcY5n+1 - Y,B? ~a - EaHLOO(wg;MqJ)
Mmej ~
< —L (19aY3 = Ballpoe ooty + 1l Y3 oo aey) -

This implies that (Y') is a Cauchy sequence in L™ (wg; M%) and that
(3.21) (0aY ™ = Y§Aq = Ba) = 0
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in L>(wg; M?!). Consequently, there exists Y3 € L>(wg; M%) such that
Y3 — Yg in L(wg; M?"). This implies that

(OaY5 ! — Y Ay — Ba) — (025 — Y3Aq — Ba) and
(05Y5 ™+ = Y3 Ay — Bg) — (95Y5 — YsAs — Bp)

in D'(wg; M?!). Using then relations (3.13) and (3.21), we find that 0,Y3 =
Y3Aa + By and 03V = YsAg + Bs in D'(wg;M%!). Therefore Y €
WL (wg; M%) and

8,V = YA, + B, for all 7 € {1,2, ..., 5},
Yp(T1.p) = lim Y3(T1.5) = Va1 (T1.5-1) =Y.

Note that in the second relation, we have used the fact that the continuous
representative of the class of Yéf‘ in W1 takes the value Y at T;__ g since the
representative defined in (3.12) (with n replaced by (n — 1)) is continuous
at 713 and takes the same value (i.e. ?) at this point.

We now establish inequality (3.10). Letting n — oo in (3.12) shows that

s

(3.22)  Yp(z1.p-1,28) = Yp—1(1..5-1) +/ (YsAs + Bp) (..., tg)dts

T
for almost all (21, ..., ) € wg. Let fg(xp) := [[Y5(-, 28)|| Lo (ws_, oty (With
no summation on 3). Then we deduce from the previous relation that
x5
fo(@g) < 1Ya-1llpoo(wy_ ety + 26 +c1 | fa(tp)dis,
Tp
from which we deduce by Gronwall’s inequality that

HYﬁHLm(wg;Mqvl) - sSup ‘fﬁ(xﬁ)’
z3€(Tp—epTpteg)

< e (¥t o ety + €2%8) -
By iterating this inequality, we finally find that
Vsl ooty < 2O (7] 4 cafer + .+ e5)}
Thus inequality (3.10) is established.

In what follows, our aim is to glue together the local solutions of the
system (3.3) found in the previous step. These local solutions are defined
over parallelepipeds centered at points T belonging to 2N S, where the set
S is defined by (3.7). This restriction on Z will be removed in the following
step. Besides, since distances between parallelepipeds are not easy to esti-
mate, the local solutions will be instead defined over open balls centered at
arbitrary points of 2.
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(iv) Let y € Q and let v > 0 such that rv/d < dist(y, Q°) where Q° :=
R\ Q. Let Y, be a fired, but otherwise arbitrary, matriz in M9, Then there
exists a solution Y € WL (B(y,r); M%) to the system
oY =Y Ay + By in D'(B(y,r); M%), a0 = 1,2, ....d

(3.23) Yg) = Y.

Let any R > r be fixed such that the cube

d

wr = [[(vi — R.yi + R).
=1

satisfies B(y,r) C wg € Q, let two constants ¢; > 0 and ¢ > 0 satisfy

m3X||Aa\|Lw(wR;Mz) < ¢1 and ijHBaHLoo(wR;Mq,l) < ¢o,

and finally, let a sequence of cubes
d
W =[]@; - R T} + R,
i=1

where T" € 2N S and 0 < R™ < R, be such that Z" — y as n — oo and
B(y,r) C w1 C w" C wpg.

By the previous step, there exists a solution Y'(n) € Wh*(w"; M%) to
the system

0aY (n) =Y (n)Aq + By in D'(w™; M%), 0 = 1,2, ...,d,

B2 ymE =,

and this solution satisfies the following inequality:
(3.25) 1Y ()| oo npaarty < €T {|Ya]| + c2dRY .

Let c3 denote the right-hand-side of this inequality and let any ni,ne € N,
ny < ng, be fixed. We infer from (3.22) that

~n2
~n ~n “o ~n =n
Yg(n) (23?2 5) — Yp-1(n1)(@)? 5_1) = /n1 (Yg(n1)Ag + Bg) (22, 5,27 )dts

x
s
for almost all 712 ;5 € wg, which next gives (since Ys(n1) = Y (n1)(z.., 24, 7..))
Yo(n1)(#)2 5) = Yp-1(n1) (@72 5_ )| < (ezer + e)[T3" — T3

Since this inequality holds true for the continuous représentants of the classes
Vg and Yj_1, letting 272 5 be as close to Z}? 5 as we wish gives

Ys(n1)(@)? ) — Yp-1(n1) (@2 5_))| < (31 + c2)|T3* — T35 |.
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which in turn gives

d
(3.26) [V (n1)(@™) = Y| < (es1 +c2) Y |Th — T
/=1
< (eze1 + Cz)ﬂﬁm —z".

Let H :=Y (n1) — Y(nga), which is defined over w™ since w™ C w™. Then
H € Whee(wm2; M%!) and satisfies

OoH = HA, in D' (w"; M%), 0 = 1,2, ....d,
H(Z™) =Y (n1)(T") — Ya.
Applying inequality (3.10) to this problem gives
VH | o omagoty < €482 Y (n) (@72) — Ya] < e R)Y (n1) (@) — Yil.

By combining this inequality with (3.26), one can see that there exists a
constant ¢4 > 0 such that

¥ (02) = ¥ (1) | o mgaryansty < cafE™ =77

This means that (Y (n)) is a Cauchy sequence in the space L (B(y, r); M4!).
Hence there exists Y € L>(B(y,r); M%!) such that

Y(n) — Y in L®(B(y,r); M%) as n — co.
Then we infer from the system (3.24) that Y satisfies
9aY =Y Ay + Bo in D'((B(y, r); M%),

which next implies that Y € W1°(B(y,r); M%!). On the other hand, let-
ting first ng — oo, then n; — oo, in inequality (3.26) shows that Y (y) = Y..
Consequently, Y is a solution to the system (3.23).

In order to define a global solution, i.e. defined over 2, to the system
(3.3)—(3.4) by glueing together the local solutions found in the previous step,
one needs to prove the uniqueness of the solution to problem (3.23). In fact,
we will prove a more general result (which will also be used in establishing
the global uniqueness result in Theorem 3.1).

(v) Let U be a connected open subset of Q and let Y,Y € Wllo’coo(U;Mq’l)
be such that
0aY =Y Ay + Ba, in D'(U; M),
9aY =Y Ag + Ba, in D'(U;M®),

for all a € {1,2,...,d}. Assume that there exists a point x* € U such that
Y(z*) =Y (z*). ThenY(z) =Y (z) for allz € U.
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Let H(z) = Y (z)—Y(z). Then H € VVlifo(U M4!) satisfies the follow-
ing equations

OuH = HA, in D'(U; M%) and

(3.27) l
H(z*) =0 € M%.

We wish to prove that H = 0 in Wlifo(U; M%), To this end, we shall
use a connectedness argument. We first infer from the Sobolev imbedding
theorem that H € CO(U;M%!). Then we define the following subset of U:

A:={zecU;H(z)=0¢eM}

Since z* € A by (3.27), the set A is non-empty. The continuity of the
application H : U — M%! next implies that A is closed in U. We now prove
that A is also open in U.
Let z € A and let B(z,&) be an open ball such that B(z,&) € U. Let
€]0, 2] be such that & < 57, where

M = A oo
%ggde | oo (B(@,2)Ma:1) -
Then we infer from (3.27) that
(328) ||a H||L°° B(z,e);Mat) < M||HHL°° B(z,e);Mat)

for all « € {1,2,...,d}.

Next, define the space

Wp(B(w,e); M%) := {Y € Wh(B(x,¢); M?!); Y (2) = 0 in M?'},
and let Y be an element of this space. By a result about Sobolev spaces
(see Corollary A.1, page 134), we know that for almost all z € dB(z,¢), the
restriction of Y to the segment ]z, z[ belongs to W1 (]z, z[; M®!),

HVYHLOO(]:L‘,Z[;Mq’l) < HVY”LOO(B(:(:@);MW)

and

1
Y(y):/o %Y(w—l—t —x))dt = /ZOQY(;E—Ft(y—x))(Z/a—:Ua)dt
=1

for all y €z, z[:= {x+t(z —z);t €]0, 1[}. This gives the following inequality
of Poincaré’s type:

(3.29) 1Y || oo (Bae)ipaty < de e fiox [0aY || Loo (B(w,e)at)

for all Y € W™ (B(x, e); MaY).
By combining this inequality with Y = H with (3 28), we obtain that

[ H || oo (B(ze);maty < deEM | H || oo (B(z,e)imaty < HHHLOO B(z,e)Ma)

thanks to the choice of e. Hence H = 0 in L*°(B(x, 5); M), and thus H = 0
also in the space CO(B(x,¢); M%) since H is continuous. This implies that
the entire ball B(z,¢) is included in A. Therefore, the set A is open in U.



Chapitre 3 : Sur les immersions isométriques d’un espace de Riemann 83

Since the set A is non-empty, closed, and open in U, we deduce from
the conectedness of U that A = U. Therefore Y (z) — Y (z) = H(x) =0 for
all z € U.

In the following step of the proof, we define a solution Y to the system
(3.3)—(3.4) over the entire set 2 by glueing together some sequences of local
solutions defined in step (iv) along curves starting from the given point z°.
We shall prove that this definition is unambiguous thanks to the uniqueness
result proved in steps (v) and to the fact that the set €2 is simply-connected.

vi) There exists a unique solution Y € Wk Q: M%) to the system:
loc
0aY =Y Ay + By in D' (; M%),

(3.30) Y(2%) = YO,

In order to define a solution of problem (3.30), let x be a fixed, but
otherwise arbitrary, point of Q. Let 4 be a path joining 2° to z, let R > 0
be such that Rvd < dist(Im~y,Q°), and let A = {to,t1,t0,...,tx} be an
R-admissible division for the path -y, in the sense that 0 =ty < t1 < t2 <
..<ty=1and, foralli € {0,1,...,N},

")’(t) S B(:L’i, R) for all ¢ € [tz;l,thrl],

where 2% := ~(t;), t_1 := 0 and ty4; := 1. Note that an R-admissible
division for the path ~ always exists, since =y is uniformly continuous over
the set [0,1]. A triple (v, R,A) will be called xz-admissible if 4 is a path
joining 2 to z, 0 < RVd < dist(Im~y, Q) and A is an R-admissible division
for the path ~.

Let B; := B(z',R). Fori = 0,1,2,..., N, we successively define Y :=
Yl e Woo(By; M2!) to be the solutions to the systems

0aY' =Y'Ay + By in D' (By; M),
Yie') = v (@),
with the convention that Y ~1(z°) := Y. Since RVd < dist(z?, Q°), this

system has a unique solution thanks to steps (iv) and (v). We are now able
to define the solution to the system (3.30) by letting

(3.32) Y (x) := YV (x).

In this way, we have associated a value for Y (x) to each z-admissible
triple (v, R,A), . In what follows, we shall prove that this definition is
unambiguous, that is, it does not depend on the choice of the triple (v, R, A).
We first prove that this definition does not depend on A, then on R, and
finally on ~.

Let an z-admissible triple (7, R, A) be given and let t* €]tg, tx41][. Then
one can see that the triple (v, R, A*), where

A* - {tovtla -"7tk7t*7tk+17 "'7tN}7

(3.31)
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is xz-admissible. With the triple (v, R,A), we have associated the func-
tions Y, solutions to the systems (3.31). In the same way, with the triple
(v, R, A*), we associate the functions Y0, Y!,..., Y, Y, Y} YN, We
wish to show that YV (z) = Y,V (), so that definition (3.32) does not depend
on the division A. By the uniqueness of the solution to the system (3.31)
with i = 0,1,2,....k, we see that Y/ = Y% in B; for all i = 0,1,2,..., k. Let
x* = y(t*) and B, := B(z*, R). Since Y, and Y* satisfy

0aY. = Yo Ay + By in D'(B,; M%),
Y =Y*A, + B, in D' (By; M%),
Y. (%) = YFa*) = YF(@"),

we infer from step (v) that Y, = Y* in B, N By. In particular, Y, (z**1) =
Yk (2z**1), which next implies that Y+ (zF 1) = YA+ (2F+1) Since YF+!
and Y**! satisfy in addition the relations

Y = YF A, + By in D' (Bpyy; M%),
Y = YE+H1 A, + B, in D' (Bjy1; M),

we infer from step (v) that Y**! = Y*+1in B, ;. By the uniqueness of the
solution to the system (3.31) with i = k + 2,k + 3,..., N, we finally obtain
that Y/ = Y? for all i = k 4+ 2,k + 3,..., N. In particular, Y,V (z) = YV ().

Now, let A = {tg,t1,t2,....,tx} and A" = {t(,1],15,....th,} be two R-
admissible divisions for the path 4. Let A UA’ = {s¢, s1, 82, ...,sp}. Be-
ginning with A and “refining” it to A U A’, using the previous argument
a finite number of times shows that Y1*P] = YI*¥ in B(z, R). In the same
way, but “refining” A’ to AUA/, we also find that Y57] = Y{'u] in B(z, R).
Therefore, YV = Yltu! in B(z, R). This implies that the definition (3.32)
of Y(x) does not depend on the division A.

We now prove that the definition (3.32) of Y (x) does not depend on the
number R. Let v be a path joining 2° to x and let numbers Ry, Ry be such
that .

: (&
0<Ri <Ry < \/gdlst(ImFy,Q ).
Let a division A = {tg, t1,t2,...,tn} be Ri-admissible and Re-admissible for
the path 7. Let 2% := ~(¢;). Fori € {0,1,2,..., N}, let Y} belonging to the
space W1 (B(z?, R1); M%!) be the solution to the system

0aY{ = Y{ Ay + By in D'(B(z', Rl);Mq,l)7
vi(a!) =i ("),

and let Yy € WH°(B(2%, Rp); M%) be the solution to the system
0aY4 = Y§Ag + Bo in D'(B(a', Ry); M?Y),
i) =¥ @),
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where Y, H(2%) = Y, *(2°) := Y. Then we prove by a recursion argument
that Yy = Y7 in B(a% Ry). For i = 0 this is a consequence of step (v).
Assume now that Y{* = YJ in B(z*, R;) for a fixed k € {0,1,2,..., N — 1}.
Since z**! € B(2*, Ry) C B(a*, Ry), it follows that Y/ (x**+1) = YF(2F+1).
By the uniqueness of the solution to the first system above with ¢ := k +
1, this implies that Ylk'"1 = YQ/IH'1 in B(z"*1, Ry). After a finite number
of iterations, we obtain that Y;¥ = Y}V in B(x, R;), which means that
definition (3.32) of Y (z) does not depend on the number R.

We now prove that the definition (3.32) of Y (x) does not depend on the
path ~. Let there be given two paths v and ~ joining 2" to z. Since
is simply connected, there exists a homotopy ¢ € C9(]0,1] x [0,1]; Q) such
that

(P(ta 0) = 7(t)7 (P(ta 1) = :)V/(t),
0(0,5) =2% p(1,5) = z.

Let a number r > 0 be fixed such that 2rvd < dist(¢([0,1] x [0,1]),Q°)
(such a number r exists since ¢([0,1] x [0,1]) € ©). Since ¢ is uniformly
continuous over the compact set [0, 1] x [0, 1], there exists an integer N > 0
such that

(3.33) p(t,s) —@(t',s")| <r

for all (t,s), (t',s') € [0,1] x [0, 1] such that {|t —#|?> + |s — s'|*}'/2 < 1/N.
Let ty = s, := k/N for all k = 0,1,2,..., N. Let v¥(t) := (¢, s;) and note
that v* are paths joining 2° to x that satisfy

v (t) — 4% (t)| < 7 for all k € {1,2,...,N} and all ¢ € [0,1].

Let also A := {tg,t1,t2,...,tx} and note that the triples (v*,2r, A) are z-
admissible for all £ = 0,1,2..., N and the division A is r-admissible for the
path ~*.

In order to prove that the definition (3.32) of Y (z) does not depend
on the choice of the path joining 2° to z, it suffices to prove that, for a
given k € {1,2, ..., N}, the definition (3.32) based on the triple (v*~1, 2r, A)
coincides with the definition (3.32) based on the triple (y*,2r, A).

Let 2% := *(t;) and By,; := B(2®,2r). For each i € {0,1,2,..., N},
let Y*4 € W1o°(By ;; M%) be the solution to the system (see (3.31))

Do Y™ =Y A, + B, in D'(Byi; M%),

3.34 . . . )
( ) Yk,z(xk,z) — Yk,z—l(xk,z)’

where Y*~1(2%0) := Y0. We wish to prove that Y*~1V(z) = Y»N(z). In
fact, we will prove that Y*=1¥ = Y*N in the open ball B(z, 2r).

First, notice that Y*~1.0 = Y0 i By, 10N By, thanks to the uniqueness
of the solution to the system (3.34) with ¢ := 0 (see step (v)). Assume that
for a fixed i € {0,1,2,..., N — 1} we have Y* 5 = Y*iin By 1,N By;. In
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particular, YA—Li(gh=1i+1) — y'ki(gh=Li+1) wwhich implies on the one hand
that
Yk—l,i—&—l(xk—l,i-i-l) — Yk,i(xk:—l,i-i-l)‘
On the other hand, step (v) implies that Y1 = Y%7 in the set Byi+1NDBy ;.
Since z#~17+1 belongs to this set, we obtain in particular that
YRt (ko Litly — ki (ph-Litl)

Combining the two relations above gives that
YRl (gh=Litly — yhit](gh-Litly,

We then infer from step (v) that Y*—1itl = yki+lin B .0 N B it1-
After N iterations, we eventually find that Y*~ LN = Y&V in Br_in N
By, n = B(x,2r). Therefore, the definition (3.32) of Y (z) does not depend

on the choice of the path ~ joining z° to .

It remains to prove that the matrix field Y belongs to VV&)COO (Q; M)
and that it satisfies the system (3.30). Let = be a fixed, but otherwise
arbitrary, point in {2 and let (v, R, A) be an z-admissible triple with 2RVd <
dist(Im~y, Q). Let z' := ~(¢;). Then
(3.35) Y(z) =YV (x),
where Y? € WL(B(z%, R); M%), i = 0,1,2,..., N, is the solution to the
System
.Y ' =Y'Ay + B, in D'(B(z!, R); M%),

Vi) = Y ),
with the convention that Y ~1(z%) := Y (see the begining of step (vi)).

We now show that

(3.37) Y =Y in the open ball B(z, R).
To this end, let = be a fixed, but otherwise arbitrary, point in B(z, R) and
let 4 be the path obtained by joining Im~y with the segment [z,Z]. For
instance, 4 is given by
s ~(2t) for all £ € [0,1/2],
t - - ~
(2—2t)z+ (2t — )z forallt e (1/2,1].

(3.36)

Notice that & is a path joining z° to Z. Let A = {tNO,%Vl, e ,ZN,?N+1},
where t; = t;/2 for all i € {0,1,2,...,N} and ¢tny41 = 1. Then one can see
that the triple (v, R, A) is Z-admissible. To this end, one has to prove in
particular that dist(Im7,Q¢) > Rv/d. This can be shown in the following
way. If t € [0,ty], then

dist(F(2), Q%) = dist(y(t), Q%) > 2RVd > RVd.
If t € [ty, 1], then we have dist(z, Q°) < |z — F(t)| + dist(5(Z), Q°), so that

dist(F(2), Q°) > dist(z, Q) — |# — F(t)| > 2RVd — R > RVd.
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Therefore we can define Y (%) by means of 4, R and A in the same
way that Y (z) was defined by means of 4, R and A (see (3.35)). More
specifically, let 7% := 4(t;). Then

Y (@) = PV (E),
where, for alli=0,1,2,..., N +1, Yie Wheo(B(Z%, R); M%) is the solution
to the system
8. Y' =Y A, + By in D'(B(F, R); M),
Vi) = VO @),
where }7_1(50) = YO,

Since ' = 7" for all i € {0,1,2,..., N}, we infer from step (v) that
Y? = Y% in B(2',R). Hence YV = Y¥ in B(z",R), which implies in
particular that YV (Z) = Y~ (Z). On the other hand, since # = zV*!, we

have YN*1(%) = YN (%) by (3.38). By combining these relations, we finally
obtain

(3.38)

Y(E) =Y"(@) =YN@) =YV @).
This completes the proof of relation (3.37).

So far, we have defined a matrix field Y : Q@ — M%! and showed
that Y =Y in the open ball B(x, R). Since Y belongs to the space
WL(B(x, R); M%!) and satisfies the system (see (3.36))

0. YN =YNA, + B, in D'(B(x, R); M%),
letting x vary in the set Q shows that Y belongs to the space I/Vlifo (Q; M)
and satisfies the system
0aY =Y Ay + By in D'(; M%),
Y (2%) = Y°.
The uniqueness of the solution to (3.30) is given by step (v). O
Under an additional assumption on the set €2, if the coefficients A, and

B, are of class L* in €}, then the solution Y to the system appearing in
Theorem 3.1 belong to W™ in Q:

Corollary 3.1. Let Q be a connected and simply connected open subset of R%
whose geodesic diameter is finite. Let there be given a point 2° € Q, a matriz
YY € M%, and some matriz fields A, € L®(Q;M!), B, € L®(Q; M%) such
that

Oalg + AaAp = 05Aq + AgAa in D' (M),
daBg + BoaAg = 03By + BsA, in D' (Q; M),
Then the system
d,Y =Y Ay + By in D'(; M?Y),
Y (2%) = Y"°
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has a unique solution in W1 (Q; M%),

Proof. Theorem 3.1 shows that the system above has a unique solution in
WI})’COO(Q; M%), Tt remains to prove that this solution belongs to W 5%°(Q; M%t),
Let ¢1,co > 0 be two constants such that

[ Aall oo (ouary < €1 and || Ba |l poo (aaty < c2-

Let = €  be a fixed, but otherwise arbitrary, point in {2 and let € > 0.
Then the definition of the geodesic diameter Dq shows that there exists a
path 7 joining z° to z such that

L(7) < Dg +e.

Let r := %dist(lm:?,ﬂc) and note that » > 0. Since 4 is uniformly
continuous over [0, 1], there exist numbers tg, t1,t2,...,tx € [0, 1] such that
O:t0<t1<t2<...<tN:1and

|;)V/(tz) — "7’(752;1” <rforallie {1,2, ,N}

Let § := min(r, 55) and let the points z', 22, ...,z € Q be such that
2 € B((t;),9) and such that the field Y o~% : [0,1] — M%! satisfies the
following relations

t

w%wﬁww%»aéwvﬂ%Ms

=wa»+4amw%mﬁwwu

=Y (v'(0)) +/0 {(YA) (Y (5)) + Ba(' ()} (v)'(s)ds

forallt € [0,1] and alli € {0,1,..., N—1}, where " : t — {4+ t(z'"! — 2%)}
maps the interval [0, 1] onto the segment joining 2* to 2**!. This can be done
successively, by choosing first the segment [x°, '] such that 2! € B(¥(t1),9)
and such that the restriction of the field Y € W1H°(B(2°, 3r); M%) to the
open segment (20, z!) is of class W and its derivative satisfies the rela-
tions above with i = 0 (see Corollary A.1, page 134, for further details),
then by choosing the segment [z, 22| such that 22 € B(¥(t2),d) and the re-
striction of the field Y € Wh>°(B(z!, 3r); M%) to the open segment (2!, z?)
is of class W1 and its derivative satisfies the relations above with i = 1,
etc. Note that the segment [2¢, 2'*!] is contained in the ball B(z%,3r) and
that this ball is contained in the set €.

Let v = (7a) : [0, N] — € be the union of the paths 4* defined by
~(t) = 4i(t — i) for all t € [i,i + 1] and all i € {0,1,..., N — 1}. Then the
previous relations together imply that

Y(v(t) =Y (7(0) +/0 {(Y Aa)(7(s)) + Ba(v(s))} vals)ds.
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for all t € [0, N]. Consequently,
Y () < |Y0|+/ (lerY (v ()| + ¢2) Zl% )|ds

<|Y°|+czf/ (s |ds+c1f/ ¥ (v()) |l (5)lds,

which next implies that the function f : [0, N] — R defined by f(t) :=
|Y (v(t))| satisfies the inequality

F0) < (VO] + eaVaL) + eV [ )1 Fs)ds
We then infer from Gronwall inequality that
J(8) < (VO] + exVaL ()oY o 17 ks,
which implies in particular that
¥ @™)] < (VO] + eaVdL(y))er VI,
But the length of the path ~ satisfies

N—-1 N—-1
= Y a3 (@ A ) A ) A ) () )
=0 1=0
N—-1 c
SLE)+ Y & < Da+2
=0

Consequently,
Y (2M)] < (Y] + c2Vd(Dg + 2¢))erVAPat2e),

Since 2V goes to = when € goes to zero, letting  go to zero in the inequality
above gives

(3.39) Y ()| < ([Y°] + cpV/dDg)eViPe.

This implies in particular that the matrix field Y belongs to the space
L>®(Q, M%), Since the derivatives of the field Y satisfy the relations 0,Y =
Y Ay + Ba, the field Y belongs to the space W1 (Q, M%!). O

Remark 3.2. Inequality (3.39) furnishes another proof to the uniqueness
result announced in Corollary 3.1.

With a proof similar to that of Theorem 3.1, the following more general
result can be established:

Theorem 3.2. Let Q) be a connected and simply connected open subset of
R, Let the matriz fields A, € L. (Q;M!), B, € L (M%) and C, €

loc loc
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L$ (Q; M9) such that
O0nAp + Ay Ag = 03An + AgAa,
aaCB + CgCa = 8ﬁCa + Can
0aBg + BoAg 4+ CgBy = 03B, + BgAy + CoBg.
Let a point 2° € Q and a matriz YO € M%! be fired. Then the Cauchy
problem
9oY =Y Ay + CoY + By in D' (Q; M2,
Y (2%) =YY
has a unique solution in Wlifo(Q;Mq’l).

Remark 3.3. The above theorem can also be established as a corollary to
Theorem 3.1 (see Theorem A.4, page 137, for a proof).

5. EXISTENCE OF AN ISOMETRIC IMMERSION

Let © be a connected and simply-connected open subset of R? and let

(€2, (gij)) be a Riemannian space whose metric is given by a matrix field
(9i5) € VVI})’COO(Q; S2). We recall that, according to the conventions made in
section 2, the field (g;;) is the continuous representative of the class, still
denoted by, (gi5) € W/I})’COO(Q;S@. Therefore, (g;j(z)) € SL for all x € Q.

Define the Christoffel symbols
1
I}(x) = 59“(9«“) (Dsgji(x) + Oj91(x) — Dugij(x))

for almost all = € Q, where (g¥!(x)) is the inverse of the matrix (g;;(x)).
Since (gi;) € C°(Q;SL) by the Sobolev imbeddings, the inverse matrix
(g") € C9(Q;S%). This implies that the Christoffel symbols satisfy Ffj €
Lix ().

We assume that the corresponding Riemann curvature tensor vanishes
in D'(2), that is,

l l
0;T% — Oy + Ty T — TyT3, = 0
for all 4, j, k,p € {1,2,...,d}; this means that

/fojﬁkcpdaj — /QI‘fkajgpdw —I—/Q (Fékfi?l — Féjfzo pdx =0,

for all ¢ € D(Q).
The aim of this section is to find a mapping © € VVIiCOO(Q, R%) such that
the restriction of the d-dimensional Euclidean metric to O(f2) is given by

the matrix field (g;;), i.e., such that
gij = 826 . 836 in €.

Thus the mapping © is an isometric immersion of the Riemannian space
(€, (gij)) in the d-dimensional Euclidean space. In other words, from a
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given metric in I/Vli’COO(Q; S¢) whose Riemann curvature tensor vanishes in
a distributional sense, one can recover a manifold in the d-dimensional Eu-
clidean space whose metric is the given one. This result is established in
Theorem 3.3.

We first need to prove the following lemma:

Lemma 3.3. Let (gi;) € S¢. Then there exist d vectors g; € RY, i €
{1,2,...,d}, such that g; - g; = gij-

Proof. Since (g;;) is symmetric, there exists a diagonal matrix D and an
orthogonal matrix P such that (g;;) = PT DP. Since (g;;) is positive definite,
the elements of the diagonal of the matrix D are > 0. Let D2 be the
unique positive definite square root of the diagonal matrix D. Then, (g;;) =
(D'2P)T(DY2P). Let g; € R? be the i-th column of the matrix D/2P.
Clearly, g; - g; = gi; and the proof is complete. O

We are now in a position to prove our main result:

Theorem 3.3. Let Q) be a connected and simply connected open subset of
R? and let a metric be given in Q by the means of a matriz field (9i5) €
Wllo’coo(Q;Si). Assume that the corresponding Riemann curvature tensor
vanishes, that is,

O;T%, — ORI, + T, I — TL T}, = 0 in D'(Q).

(i) Then there ezists a mapping © € I/Vlifo(Q;Rd), unique up to isome-
tries in R?, such that
8&) . 8J® = gij in §Q.
(ii) Let there be given 2° € Q and Y, g9 € R? such that g0 -gg = gij(2?)
(such vectors exist thanks to Lemma 3.3). Then there exists one and only
one mapping © € VVli’COO(Q;Rd) such that 0;0 - 0;0 = g;; in Q and

0(z") = 0° and 9;0(z°) = ¢".

Proof. The outline of the proof is as follows. Let the matrix field I'; : Q — M¢
be given by T'j(z) = <Ffj (x)) € M9, where j is the column index and k is

the row index of the matrix.
We begin by finding a matrix field F € W (Q; M%) such that

O;F = FT; in Q,

(3.40) Plad) — 0,

where F0 € M¢ is the matrix whose i-th column is g? € R?. The existence
of such a field is insured by Theorem 3.1.

Then the columns of the matrix F(z), denoted by g;(z) € R%, will turn
out to be the derivatives of the sought mapping ©, whose existence will
again be given by Theorem 3.1 (which in that case is a generalized form of
Poincaré’s theorem).
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The proof is broken into five steps, numbered (i) to (v).

(i) There exists a solution F € VVlifO(Q;Md) to the system
0;F = FT'; a.e. in Q,

3.41

(3.41) F(z%) = F°,

where FO is the matriz whose i-th column is g?.
Since (gi5) € Wl’oo(Q;Si) C CO(;S2), we have det(g;j(z)) > 0 for all

loc

x € Q. This implies that the coefficients g*! of the inverse of the matrix (g;;)
belong to the space CY(€2). Then the definition of the Christoffel symbols
shows that Ffj € L2(Q), so that T; € LS (€; M?).

loc loc
Now, one can see that the Riemann compatibility conditions (3.49) are

satisfied if and only if
OT; — 8;T; + ;I — T;T; = 0 in D'(Q; M%),
that is, the following relations hold

(342 [ (D0 + Loy + Dilp ~ IjTig) (2)do = 0
Q

for all p € D(£2). The assumptions of Theorem 3.1 applied to the system
(3.41) being satisfied, the existence of a solution F' to this system follows.

(ii) Let g;(x) denote the i-th column of the matriz F(x), x € Q. Then
there exists a solution © € WIQO’COO(Q;Rd) to the system

aze - gl ZTL Q,Z — 172, ...,d,

(3.43) O — 00,

Thanks to step (i), we have that g, € VVli’COO (; R?) and
(3.44) 0j9; = F?igk = F?jgk = aigj'
These relations, together with the assumption that €2 is simply-connected,

allow to apply Theorem 3.1 to the system (3.43). This shows that there
exists a unique solution © € W,°(€2;R?) to this system. Since 3;0 = g, €

loc

Wl’OO(Q; R%), the mapping © belongs in fact to the space VVli’COO(Q, RY).

loc

(iii) The mapping O satisfies the relation
(3.45) 0;0(x) - 0;0(x) = gij(x) for all z € Q and all 1, j.

Since the fields g; := 0,0, i = 1,2,...,d, are the columns of the matrix
field F' that satisfies the system (3.41), we obtain on the one hand that

O(g:() - 9;(x)) = Okgi(x) - g;(x) + g;(2) - Ohg;(x)
=I(@)g,(2) - g;(2) + 17,9:(2) - g, ()
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for almost all x €  and all 4,7,k € {1,2,...,d}, and also that
9,(z°) - g;(«°) = g7 - g7 = gi5(=°).

On the other hand, thanks to the definition of the Christoffel symbols,
we have

1
9inlh; = 5 {0kgij + 9k — Digns}

1
9ipLhs = 5 {Okgji + Oigjk — Djgni}
for almost all z € Q and all i, 7,k € {1,2,...,d}. Adding these two relations
gives
Orgij = Ty9p; + Ti;9ips
since 9i5 = 9ji-
Let Xyj(z) := g;(x) - g;(z) — gij(z). Then the functions X;; belong to
W,2>°() and satisfy the relations
01Xy = T, X,y + T1, X,y in L¥(0),
Xij(2) =0
for all 4,5,k € {1,2,...,d}. Let the matrix field X : Q — M¢? be given by

X (z) := (Xy(z)) € M, where i is the row index and j is the column index
of the matrix. Then X € WL>°(Q; M?) and

X = XTI}, +TLX in D/(Q; M),
X (2%) = 0 in M%
We wish to prove that X vanish in €. To this end, we shall use a connected-

ness argument. First, note that X € C°(Q;M?) by the Sobolev imbeddings.
Then define the following subset of €2,

S:={reQ;X(z)=0¢eM}.

The set S is non-empty (see (3.46)) and closed in €2 (since the application
X : Q — M is continuous). Now, let us prove that S is also open in €.

Let y € S, let By := B(y,e0) be an open ball such that By € 2 and let
M = maxpeq12,....d) Tkl oo (Byme)- Let also B := B(y, ), where

(3.46)

. 1
£=ming ——=——,&0 .
{2d(1 +VA)M 0}
Using the inequality
AT] < /tr(AAT) = \/tr(AT 4) < VAAP = V| A|
valid for all matrices A € M?, we deduce from (3.46) that
(3.47 104X e (gt < (1 VAMIX | 1 g
for all k € {1,2,...,d}.
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Now, define the space
Wy (B;MY) i= {Y € WH(B;MY); Y (y) = 0 in M%}.

Let Y be an element of this space. Then a result about Sobolev spaces (see
Corollary A.1, page 134, for a proof) shows that, for almost all z € B (with
respect to the surface measure), the restriction of Y to the open segment
]y? Z[ belongs to WLOO(]@/? Z[;Md)7 ||VY||L°°(]y,z[;Md) < HVY”LOO(B;Md) and

1 1 d
Vi) = [ GY+to—udt= [ 3005+t =)o mi

0 k=1
for all z €y, z[:= {y+t(z—y);t €]0,1[}. This gives the following inequality
of Poincaré’s type:

Y[ Loo By < de ke{q’l%f,d} 10k || oo (3019

forall Y € Wyl’oo(B;Md). By combining this inequality with ¥ = X with
(3.47), we obtain that

1
1 X | oo (Byaay < de(1 + \/3)M||X||LOO(B;Md) < §HXHL>O(B;Md)

thanks to the choice of . Hence X = 0 in L>°(B; M%), and therefore in
CY%(B;M%). This implies that the entire ball B = B(y,¢) is included in S.
Therefore, the set S is open in €.

Since the set S is non-empty, closed, and open in 2, the conectedness of
Q implies that S = Q. This completes the proof of step (iii).

(iv) There exists at most one solution in VVI%)’COO(Q;RCI) to the system

0;0(x) - 0;0(x) = gij(x) for all z € Q,

(3.48) 0(z") = 0°,0,0(2") = g;.

Let ©,0 € I/Vli’COO(Q;Rd) be solutions to the system above. Let F(x)
denote the matrix whose i-th column is g;(z) := 0;©(z) and let F'(z) denote
the matrix whose i-th column is g;(z) := 0;0(z). Then one can see that
F,F € W,52°(Q; M?) both satisfy the system:

8;F =T;F in Q,
F(2°) = F°.

The uniqueness result established in Theorem 3.1 then shows that F' = F

in . Since © and O both satisfy the system
0,0 =g, in Q,
o(2") = a°,
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a classical result about distributions (see e.g. [10]), or Theorem 3.1, shows
that © = © in Q.
(v) Let ©,0 € W2 (Q; RY) satisfy

loc
&@ . 8]@ = gij and 81(:) . 8](:) = gij in €.

Then there exist a vector a € R and an orthogonal matriz Q € M? such
that

O(z) = a+ QO(x) for all x € Q.

_ Let FF:Q — M? be the matrix field whose i-th column is 0;0 and let
F : Q — M¢ be the matrix field whose i-th column is 8;0. Let a point
20 € Q be fixed and define

Q= F(x")F(2°)"" and a := O (z0) — QO(x0),
the matrix F'(z°) being invertible since F(2°)T F(2°) = (g;;(2°)) € SL. Let
O(z) :=a+ QO(z) for all x € Q.

Then one can see that the matrix Q is orthogonal, that ®(z°) = ©(z°) and
0;®(2°) = 9;0(z), and that

82@ . 8]<I> = Gij in Q.

Consequently, the uniqueness result proved in step (iv) shows that & = 5
in €.
The proof is now complete. ([

Remark 3.4. In order to prove the local existence of © in step (ii), we can
also proceed as in [1]. Let B := B(Z,r) € Q be an open ball and let © be
a given point in R?. First, we construct a sequence (g%) of regular enough
vector fields satisfying relations (3.44) such that g5 — g, in W1P(B;R%),
1 < p < o0, as e goes to 0 (such vector fields g5 can be defined by taking the
convolution of g; with a sequence of mollifiers). Then we apply the classical
Poincaré theorem to the problem of finding ©¢ such that

81'@6 = gf in B,

©%(z) = 6.
In this way, we will find a solution ©¢ of class C*° to the system above.
Then © will be found as the limit of ©° in W2P(B;R%) as ¢ goes to zero.
Since 9;0 = g; € WH>(B;R?), the mapping © belongs in fact to the space
W2 (B;RY).

Under the additional assumptions that the geodesic diameter of € is

finite and (g;;) € W*°(;S%) and (g;;)~* € L>=(Q;M?), we can show that

the isometric immersion © given by the previous theorem belongs to the
space W2 (Q; R%):
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Theorem 3.4. Let  be a connected and simply connected open subset
of R? such that its geodesic diameter is finite. Let a matriz field (gij) €
WL(Q;SL) be given such that (gi;)~t € L®(;M?). Assume that the
Riemann curvature tensor associated with the metric (g;;) vanishes, that is,

(3.49) 0,0, — ORI, + T, I — TLTT, = 0 in D'(Q).

1,00

o (R, unique up to isome-

(i) Then there exists a mapping © € W,
tries in R%, such that

819 : 8J® = Gij in Q.

(ii) Let there be given 2° € Q, ©Y € R? and gY € R? such that g0 -g? =
gij(x°) (such vectors exist thanks to Lemma 3.3). Then there exists one and
only one mapping © € Wl’oo(Q;Rd) such that 0;0 - 0;© = g;; in Q and

loc
0(2%) = @° and 9,0(z°) = ¢".

Proof. By Theorem 3.3, there exists a mapping © € WGQOLOO(Q,R"), unique

up to proper isometries in R?, such that 9;0 - 0,0 = g;; in 2. Then the
definition of the Christoffel symbols shows that

0:9; = T'};g;, in D' (4 RY),

where g; := 0;0. These equations (for all 4,j) are equivalent with the
matriceal equation 0;F = FT';, where I’ is the matrix whose i-th column
is g; and I'; := (I‘fj) The regularity assumptions on the matrix field (g;;)
implies that the coefficients T'; belong to L>(£2; M?). Since in addition the
geodesic diameter of 2 is finite, we can apply Corollary 3.1 to the system

Y =Y T; in D' (Q; M%),
Y (2) = F(2?),
where 20 is a fixed point in . This implies that the unique solution F to
this system belongs to the space W1°°(Q; M?). Then the columns g; of the
matrix field F' belong to L>®(2;RY) and thus we can apply Corollary 3.1 to
the system
0;® = g; in D'(4RY),
®(2%) = 0(29).
This implies that the unique solution © to this problem belongs to the

space W1H°(Q;RY). Since we have already seen that 9,0 € W1°(Q;RY),
the mapping © belongs to the space W2 (€; R%). O

Remark 3.5. The geodesic diameter of a bounded open Q € R? that satisfies
the cone property is finite.
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6. APPENDIX

Proof of identities (3.16) and (3.17) used in the proof of theorem 3.1.
The assumptions of theorem 3.1 imply that
350 8514@ — 8QA5 — AaAg + AﬁAa =0,
(3.50) 05Ba — 0By — BaAg + ByAo =0

in D'(2). Hence

95Aa — 0aAg — AgAs + AgA, = 0 and
(3.51) o O e
08Bo — 0aBg — BoAg + BgAa =0

in D'(wg). To see this, let p € D(R) be given such that suppp C [—1, 1] and
Jg p(t)dt = 1. Then, given any ¢ € D(wg), let

Ys(x) = Y(a1..8) <5ﬁi1p($ﬁ+i§;jﬂ+l)> ((Sldp(l’d(;iwd)> ’

where 0 := (dg41,...,04). Since b5 € D(N2) for §; small enough, the first
relation of (3.50) implies that

/ (Agdaths — AaOpibs)dx = / (AaAg — AgAs) Ysda.
Q 0

Letting 04 — 0, ...,d341 — 0 in this relation and using the first relation of
(3.8) yields

(3.52) / (Oatb(w1..5)As(@1..5) — Oth(@r. ) Anlar, g))der s
wp

= [ ¥(r1.p) (Avagﬁ - Avﬁga) (z1..8)dz1. g
ws

Hence the first relation of (3.51) is established. In a similar way, we have
also

(3.53) / (Oatb(@1.3)By(ar..5) — 056 1. 5) Baler. )y
wp

= [ Y(x1.8) (BaAﬁ — BﬂAa> (71..8)dr1. g
ws
and the second relation of (3.51) is established.

By a denseness argument, these last two relations hold for all ¢ €
Wol’l(wg), the closure of D(wg) in Wl (ws). Moreover, relation (3.52) still
holds true for any ¥ € W& ’1(w5; M%), the multiplication by the scalar
being replaced by the multiplication by the matrix U (one can see this by
writing this relation componentwise).

Now, let tg € (Tg — €3,T3 + €g) be a fixed, but otherwise arbitrary,
number. For every ¢ > 0, define the function y. € C°(R), which also
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depends on g, in the following way: for tg € (T3 — €3, %3], let

-1 if xg € [tﬁ,f/g],
Xe(z8) = 0 ifxg ¢ [tg —e,75+ €,
affine  otherwise,

and, for tg € (fﬁ,fﬁ + 85), let

1 if x5 € [Tg,tg],
Xe(zg) = 0 if zg ¢ [Tg —e,tp +€l,
affine  otherwise.

Note that suppx. C (Tg—¢e3,ZT3+¢eg) for € small enough. Let a matrix field
U:wg — M%! be defined by U(xy. g) = Yg(xlnﬂ)go(xm?tg)xa(scg). Since

U e W(}’l(wg; M%), we can use it as a test function in (3.52). Letting then
e — 0 gives

tg -
(3.54) / / O, (Yg(xm,xg)cp(az”_,t/g)) Ag(x._,xg)dxsdry. g1
wg—1 JZg
ts -
:/ / (85Y5"Aa)(a:,_,xg)go(a:_,_,tg)daﬁgdxlnﬂ,l
wg—1 3
ts

+/ / (Yg <Kaﬁﬁ - Egﬁa)) (@, zp)p(z....tp)drpdrr. 51
wsr J7g

+ lim (YB”ZOC)(J:, zg)p(z..,t3)0sxe(zg)dxgdry. g—1.

E—

wg
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Now, for all tg € (Tg — 8,7 + €3) \ Xg(Tp+1,-.-,Tq) (recall that T also
belongs to the set R\ X3(Zg41,...,Z4)), we have

/ (V3 Aa) (&, 59)0 (. t)Opxe (wp)dupday. g1
wg

- / (V34 (x.. T) (e t)dz1. 51

5
1 [Tpte” ~

s [T et )] [Aat ) - Aalie )| o
€ g wg—1
1 mg+8* .

+*/ / {3 (= ,xﬁ)—Yg(x_,,,fﬁ)}w(x_,,,tﬁ)}‘Aa(x,,,,fﬂ)]dxl_,ﬂ,
€ zg wg—1

where € = ¢ if {3 < Ty and ¥ = —¢ if g > Tg. Noting that Y €

W0 (wg; M%) C CO(wg; M), we infer from the definition of the set X5(Zg41, ...,
that the right-hand-side above goes to zero as ¢ — 0. Consequently,

glj%/ (Y3 A (.., 2p)¢(x.. t5)dpxe(zp)dagdar. o
wg

_ / VIR (.. Fs)plx.., t5) s s
wg—1

— / (Yé’ga)(x_”,tg)go(m._,,tﬁ)dacluﬂ,l.
wg,l
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Using this relation in (3.54) gives
tg ~
/ / Oa (Y5 (2. 2p)p(2..,t5)) Ap(.., xg)dzgdrr. p—1
wp—1

tp
/ aﬁYﬁ ,,xﬁ)go(l‘m,tﬁ)dl‘ﬁdl‘lmﬁ_l

+/ x.,zg)p(x. ,tg)dry. g1

L tﬁ)(ﬁ(:ﬁv tﬂ)dﬁlﬂ—l

tﬁ
+f / (V3 (Aads = ApA))a...29)p(e. . t5)dagdor 5.

for all t3 € (Tp —e3,Z3 + 8) \ X3(Tg41,...,Zq). By integrating this re-
lation with respect to tg over (T — eg,Tg + €3) (recall that the subset
X3(Tg41,...,Tq) of R has zero measure), we obtain that

s -
/ {/ Oy (Yél(x, zg)p(x.., tg)) Ag(z..., a:g)dmﬁ} dxy. p_1dtg
wg | V7

tp ~
= / 3 (8BY§AQ)(J:__, xg)d:cg} go(x_,, tﬁ)dwlnﬂfldtﬁg
wg

B

@

~ [ O3 A s ts)ola st pority
wg

s

tp ~ ~ ~ ~
+/ {/ (Y;(AaAﬁ — AﬁAa))(w.._,mg)dxg} (p(x__.,t,g)dxln.g,ldtﬁ.
wg

This completes the proof of relation (3.16).

We will now establish relation (3.17). Let ¢ : wg — R be defined by
Y(z1.8) = e(x.,tg)xe(xp), where the function x. is that defined before.
Using this function as a test function in (3.53) and letting ¢ — 0 gives

ts -
(3.55) / 2 Ontp(z..,t3)Ba(z. ., x5)drgdry -1
UJB 1 Iﬁ

g _
2/ / (BoAp — BgAo)(z.,x5)p(x. tg)drsdri. 51
wp—1 Y g

+ lim Bo(z._,zg)p(x.,t3)0sxe(xs)drgdry 1.

e—0 wgs
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Now, for all tg € (Tg — eg,7g + €3) \ Xg(Tp+1,-..,Tq) (recall that T also
belongs to R\ Xg(Zs+1, ..., Zq)), we have

/Ea(x.“axﬁ)‘ﬂ($...7tﬁ)aﬁXs(wﬁ)dxﬁdxl..ﬂ1
wg

_ / (Ea(ﬂ.,,fg) — Ea(l'm,tg)> 90(x~~.7tﬁ)dx1...571
wg—1

< i /tj /wﬁl ‘{Ea(ﬁﬂ...,tﬂ) — Ea(xm,xﬁ)} gp(m._,,t/g)‘ dzi.p

{Ea(x_n, zg) — Ea(aﬁ_._,fﬂ)} oz, t/j)‘ dxi.. g,

where ¢* = ¢ if t3 < Tg and €* = —¢ if tg3 > Ty. We then infer from (3.8)
that the right-hand-side above goes to zero as ¢ — 0. Consequently,

e—0

lim/ Ea(xm,mg)@(ﬂ:m,tg)ﬁgxs(:ng)dmgdxl_ﬂ_l
wg

_ / Bul..,Ts)p(x... ty)dr1. 51
wp—1

Using this relation in (3.55) gives

ts -
/ / Oap(..,t3)Ba(x..,xg)drgdr:. g1
wp—1 g

s _

=/ / (BaAg — BgAy)(x..,2p) (..., tg)dzgdmy. 51
wg_1

g

+/ Ea(al..yfb’)@(x...vtﬁ)dxl..ﬂfl
wg—1

- / Bao(z.., tg)p(x..,tg)dri. g—1.
wg—1

for all t3 € (T —e3,Z3 + €3) \ X3(Tp41,...,Zq4). By integrating this re-
lation with respect to tg over (T — eg,Tg + €3) (recall that the subset
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X3(Zp41,-..,Zq) of R has zero measure), we obtain that

tp ~
/ | Onp(x. ,tg)Bg(x.. ,xg)dxg p dri. g_1dts
wg | /Zg

=/ Bo(z.,Zp)e(x.  tg)dr1. s 1dtg
wg

— / Ea(xm, tg)go(a:_n, tg)da:lnﬂfldtg
wg

s ~ SO
—l—/ / (BaAg—BﬂAa)(a:n_,:rg)da:@ (p(l’__,t/g)dafl..ﬂ,ldtﬁ.
ws g

This completes the proof of relation (3.17).

12.
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CHAPITRE 4

Sur le théoréme fondamental de la théorie des
surfaces

RESUME. On considére un champ de matrices symétriques définies po-
sitives d’ordre deux et un champ de matrices symétriques d’ordre deux
qui satisfont ensemble les équations de Gauss et de Codazzi-Mainardi
dans un ouvert connexe et simplement connexe de R?. Si ces champs
sont respectivement de classe C2 et C!, alors le théoréme fondamental
de la théorie des surfaces affirme qu’il existe une surface immergée dans
I’espace euclidien tridimensionnel dont ces champs sont les premiere et
deuxieme formes fondamentales. L’objet de ce chapitre est d’établir que
ce théoreme reste vrai sous les hypotheses de régularités affaiblies selon
lesquelles ces champs sont respectivement de classe VV]})’COo et Lis., les
équations de Gauss et de Codazzi-Mainardi étant alors satisfaites aux
sens des distributions.

Ce travail a fait I’objet des publications suivantes :

MARDARE S., The fundamental theorem of surface theory for surfaces with
little reqularity, accepté dans Journal of Elasticity.

MARDARE S., On the fundamental theorem of surface theory under weak
reqularity assumptions, C.R. Acad. Sci. Paris, Ser. I 338, 2004, 71-76.
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The fundamental theorem of surface
theory for surfaces with little regularity

ABSTRACT. Consider a symmetric, positive definite matrix field of order
two and a symmetric matrix field of order two that satisfy together
the Gauss and Codazzi-Mainardi equations in a connected and simply
connected open subset of R%. If the matrix fields are respectively of class
C? and C*, the fundamental theorem of surface theory asserts that there
exists an immersed surface in the three-dimensional Euclidean space
with these fields as its first and second fundamental forms. The purpose
of this paper is to prove that this theorem still holds under the weaker
regularity assumptions that the matrix fields are respectively of class

Wb and L{Z,, the Gauss and Codazzi-Mainardi equations being then

understood in a distributional sense.

1. INTRODUCTION

Let w be a connected and simply-connected open subset of R? and let
there be given a symmetric positive definite matrix field (aqg) of order two
and a symmetric matrix field (bng) of order two, both defined over the set
w. Assume that the functions a,g are of class C? over w, that the functions
bap are of class C' over w and that they satisfy the Gauss equations,

(41) a—YFTﬂ — 8]31-\;7 + Fg/@rg,y -TI? ]._‘Tﬂ == baﬂb; - ba’ybg in w,

« « ay*t o

and the Codazzi-Mainardi equations,
(4.2) Oybap — Obary + T'g5bo~y — ngbgg =0in w.

The Christoffel symbols I'] ; (associated with (aap)) together with further
notations and conventions are defined in section 3.

Under these assumptions, the fundamental theorem of surface theory
asserts that there exists a mapping 0 : w — R3 of class C3 such that the
first and second fundamental forms of the immersed surface S = 0(w) are
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given by the matrix fields (ang) and (bag) (see [5, 9, 11] for the global result
and [3, 16, 17, 18, 19] for the local result).
This means that

010 N 0,0
|010 A 0,0

over w. The mapping 6 then defines an isometric immersion of the Rie-
mannian space (w, (aqg)) in the three-dimensional Euclidean space.

This result contain a “paradox of differentiability”, as pointed out in
[7, 8]: in order to define the first and second fundamental forms (ang) and
(bag) associated with a given isometric immersion 6 : w — R3, one usually
assumes that it belongs only to C?(w;R3); this implies that ang € C(w)
and b,z € CY(w). But in order to recover the mapping 6 from two matrix
fields (aqap) : w — S% and (bag) : w — S?, one has to assume that a,g €
C%(w) and by € C'(w), the mapping 6 being then in C3(w;R?). This
extra regularity assumption on (asg) and (bes), which is needed so as the
derivatives appearing in the Gauss and Codazzi-Mainardi equations be well
defined.

However, Hartman and Wintner [8] get rid of this extra regularity as-
sumption by requiring that a,g and bag, this time assumed to be in C!(w)
and C%(w) respectively, satisfy the Gauss and Codazzi-Mainardi equations
in an “integrated” form, namely

000 - 030 = anp and 0,30 - = bag

(4.3) / (T Ty + T Todys) = / (P47 — T%T% — baab + baab]) dy
J domJ

and

(@4) [ Cardi+ basdye) = [ (Db~ Do) dy
J domJ
for all Jordan curve of class C' contained in w, where dom.J designates the
bounded open set whose boundary is the Jordan curve J.
In this paper, we reconsider the Gauss and Codazzi-Mainardi equations
(as given by (4.1) and (4.2)) and assume that they are satisfied in a distri-
butional sense by a matrix field (ang) of class Wli’coo(w; S%) and a matrix

field (bap) of class LS (w; S?). Then we establish the existence of a mapping
0 :w — R3 of class I/Vlié’o(w) such that (ang) and (byg) are the first and
second fundamental forms of the immersed surface S = 6(w) (see Theorem
4.2).

The result of Hartman and Wintner [8] can be obtained as a conse-
quence (see Corollary 4.1) of our more general result since, for first and
second fundamental forms respectively of class C'! and C° over a connected
and simply-connected open subset of R?, the Gauss and Codazzi-Mainardi
equations (understood in a distributional sense) are satisfied if and only if re-
lations (4.3) and (4.4) hold for all regular Jordan curves of class C? included
in w. Therefore, the assumption of Hartman and Wintner [8] are stronger



Chapitre 4 : Sur le théoréeme fondamental de la théorie des surfaces 107

than our assumptions (see Corollary 4.1). The proof of this assertion is not
given in this paper.

2. PRELIMINARIES

An immersed surface is a connected subset S of R? that can be written
as S = Upcafi(wi), where w; are open subsets of R? and #; : w; — R3
are immersions of class C' over w;. Since in this paper we consider only
immersed surfaces, an immersed surface will be simply called “surface”.

All functions and fields appearing in this paper are real-valued and the
summation convention with respect to repeated indices and exponents is
used. Matrix-valued, vector valued, and scalar-valued functions (except
when they are components of a matrix field, as e.g. the components X;;
of matrix field X') are respectively denoted by capital, boldface, and lower
case letters. The Kronecker symbol is defined by

(53 = {1 %fl.:j.’
0if 7 # j.

For any integer d > 2, the d-dimensional Euclidean space will be iden-
tified with R%. Let u - v denote the Euclidean inner product for u,v € R¢
and let |v| = v/v - v denote the Euclidean norm of v € R

The notations Md,Sd,Sfi and O? respectively designate the set of all
square matrices, of all symmetric matrices, of all positive definite symmetric

matrices, and of all orthogonal matrices, of order d. The set of all proper
orthogonal matrices is defined by

0% :={Q € 0% detQ = 1}.

The notation M?%! designates the space of all matrices with ¢ rows and 1
columns. The space M%! is endowed with the operator norm | - | defined by
|A| ;== sup M

zerR\{0} |7
It is well known that |A| is also given by the square root of the largest
eigenvalue of the matrix AT A. Notations such as (a;;), or (aé-), designate
the matrix whose entries are the elements a;;, or a?, which may be either
real numbers or real functions. The first, or upper, index is the row index
and the second, or lower, index is the column index.
An isometry in R? is an element of the set

{ueR— a+Qu; acR?Q e,
and a proper isometry in R? is an element of the set
{ueRdHa—i—Qu; acRQ G@i}.

Let Q be an open subset of R?. Given two points z,y € €, a path
joining = to y is any mapping v € C°([0,1];R?) that satisfies y(t) € Q
for all ¢ € [0,1] and 4(0) = 2z and (1) = y. Such an open set Q is
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connected if and only if, for all x,y € (1, there exists a path joining x to
y. The set Q is simply-connected if, for all v4,~v; € C°([0,1];) such that
Y0(0) = ~v1(0) and (1) = 7, (1), there exists a homotopy joining v, to 71,
i.e., an application ¢ € C°([0,1] x [0, 1]; Q) such that

QO(t, 0) = ’YO(t)7 (p(t7 1) =M (t)a
QD(O7 S) = 70(0)7 90(17 S) = ’70(1)
The geodesic distance between two points x,y € € is the infimum of the

length, denoted L(7y), of all paths joining x to y and the geodesic diameter
of © is the number Dg € [0, oo] defined by

Dq := sup inf{L(7); - is a path joining = to y}.
zycl Y
For any open subset  of R%, d > 1, the space of indefinitely derivable
real functions with compact support included in Q is denoted D(2). The
support of a continuous function ¢ :  — R is defined as

suppy = {z € Q, p(x) # 0}.

The space of distributions over € is denoted D’(2). The usual Sobolev
spaces being denoted WP (€; M%), we let
WP (Q; M) = {Y € D/(Q; M), Y € WP (U; M%)

for all open set U € Q},

where the notation U & © means that the closure of U in R is a compact
subset of 2. For real-valued function spaces, we shall use the notation
WmP(Q) instead of WP (Q;R), D(2) instead of D(2;R), etc.

Let y = (y1,¥2, ..., yq) denote a generic point in R? and let dy denote the
Lebesgue measure in R%. A subset in R? is said to have zero measure if its
R?-Lebesgue measure is zero. Finally, let

0 0?
Op := =—— and Oy := ———.
« 0xq ap 0x,0x3
We also make the following convention for classes of functions with re-
spect to the equality almost everywhere, which is an equivalence relation: if

fe Li® (€2), we will always use the representative f of f given by
1 ~

f(z) := liminf f(y)dy

e—0 ‘B(xvg)’ B(z,e)

where f is any representative of the class f € Lie (2) (this definition is

clearly independent of the choice of the representative f). This choice of the
representative insures that

HfHLoo(U) = sup | f(z)| for all open subset U & Q.
zelU
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Also, for any f € VVlifo (Q), we will choose the continuous representative f
of f .

The notation (aqs) € W
matrix belongs to the space VV&)COO (w) and that (aas(y)) € S for ally € w.
For simplicity, we will use the same notation for a class of functions and its
representative chosen as before (i.e., f will denote either the class of f in

>.(§2) or its representative chosen as before), the distiction between them
being made according to the context.

The following result, established in Theorem 3.1 and Corollary 3.1 of
Chapter 3, is crucial in the proof of our main result (Theorem 4.2) of the
next section.

1,00

o (w; Si) means that each component of the

Theorem 4.1. Let ) be a connected and simply connected open subset of
R? and let a point 2° € Q and a matriz YO € M be fized. Let matriz fields
Ag € L2 (MY and B, € Lye (S M) be given that satisfy

loc
OaAp+ AqAp = 05Aa + AgAa in D' (M),

4.5
(45) 0aBp + BaAp = 03Bs + BgA, in D'(Q; M),

Then the system
9aY =Y Ay + Bo in D'(Q; M%),
Y(z%) =Y°

has a unique solution in I/Vli’fo(Q;Mq’l).

If the geodesic diameter of Q is finite and the matriz fields A, and
By, belong respectively to the spaces L°°(;MY) and L= (Q; M%), then the
solution to the above system belongs to the space W12 (Q; M%).

3. THE FUNDAMENTAL THEOREM OF SURFACE THEORY REVISITED

Throughout this section, Greek indices vary in the set {1,2}, Latin in-
dices vary in the set {1,2, 3} and the summation convention with respect to
repeted indices is used in conjunction with these rules.

Let w be a connected and simply-connected open subset of R? and let
Yy = (ya) denote a generic point in w. Let there be given two matrix fields
(aapg) : w — S and (bap) : w — S? with aus € VVlifo(w) and bog € LS (w)

for all o, B € {1,2}. Define the Christoffel symbols associated with (ang) by
letting

T L 5
aB = 50, (80401,80 + 8Baga - aaaaﬂ) )

where (a™(y)) is the inverse of the matrix (an3(y)) at each y € w. Let
bY = a’by,. Since ap € W (w) € COw) and det(ang(y)) > 0 for all

loc

Yy € w, the coefficients a™ belong to L, (w). Hence I'] 5 and b belong to
the space LY (w).
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Assume that the Gauss and Codazzi-Mainardi equations,
&YFEB - aﬁr + FUﬂF FU,Y UB — ba/@b ba»ybg

4.6
( ) &yba/g — aﬁbw + Faﬂbg,y Faybg

are satisfied in D'(w) for all o, 3,7,7 € {1,2}. Note that these equations
make sense in D'(w) since I'] 5, bag and a” belong to Lfs,(w). More specif-
ically, relations (4.6) mean that the relations

/ (Fa,yagcp [750v0 + T0sT0. 0 — FMFTW) dx
w

= / (baﬁbg — bwbg) pdx
and
/ (bm,@ggo — bapOyp + I'g5boryp — ngbgﬁgp) dx =0,

are satisfied for all ¢ € D(w). Our aim is to prove the existence of an
immersed surface in the three-dimensional Euclidean space whose (covariant
components of the) first and second fundamental forms are given by the
matrix fields (aqg) and (bag), respectively. More specifically, we wish to find
a mapping 0 : w — R3 such that the restriction of the three-dimensional
Euclidean metric to the surface S := 6(w) be given by the matrix field (aqg),
ie.,

aap(y) = 9a0(y) - 956(y)

for all y € w, and that the second fundamental form of the surface S be
given by the matrix field (bng), i.e.,

9a0(y) N 026(y)
016(y) A 026(y)|
for almost all y € w (note that |010(y) A 020(y)| = /det(ans(y)) # 0). Our

main result is the following:

bas(y) = Oapb(y) -

Theorem 4.2. Assume that w is a connected and simply-connected open
subset of R? and that the matriz fields (an3) € WL (w; S%) and (bag) €

loc

L® (w; S?) satisfy the Gauss and Codazzi-Mainardi equations in D' (w). Then

loc

there exists a mapping @ € W2 (w,R3) such that

loc
aaﬁ = 8a0 . aﬁe,
010 N 0,0
bag = Dagh - 22
5= 7087 15,0 A 0,0

a.e. in w. Moreover, the mapping 0 is unique in I/Vli’é’o(w,R3) up to proper
isometries in R3.

Proof. The proof is broken into five steps, numbered (i) to (v).
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(i) Preliminaries. Throughout the proof, we fix a point y" € w, a vector
6" € R, and two vectors @’ € R3 such that a2 - a% = an3(y?). We also

define a unit vector normal to a’, by letting

0 0

a; N\ a
a):= AN

lai A as)

The vectors al can be chosen for instance in the following manner. Since

(aap(y?)) is symmetric, there exists a diagonal matrix D and an orthogonal
matrix P such that (an5(y°)) = PTDP. Since (ans(y°)) is positive definite,
the elements of the diagonal of the matrix D are > 0. Let D'/2 be the unique
positive definite square root of the diagonal matrix D. Then, (aq5(y°)) =
(DY2P)T(D'/2P). Let a2 := (a%;,a%,)" € R? be the a-th column of the
matrix D'/2P. Clearly, &g : 6% = aaﬁ(yo). Then we can choose al :=
(aglv agQ’ 07 e R,
Finally, we define the matrix fields Iy, : w — M? by letting

Por Tao —ba
(4.7) I,:=| ', 12, -8
bozl boa? 0

The outline of the proof is as follows. We begin by finding a matrix field
F € Wh(w;M?) such that

loc
0o F = FTy in D' (w; M?),
F(y°) = F°,

where FO € M? is the matrix whose i-th column is a? € R3. The existence
of such a matrix field F' is given by Theorem 3.1. Then the first two columns
of the matrix F(z), denoted by a,(z) € R3, will turn out to be the deriva-
tives of the sought mapping 0, whose existence will be given by Theorem 3.1.

(ii) The Gauss and Codazzi-Mainardi equations are satisfied if and only
if the following matriz equation is satisfied

(4.8) 9aT5 +Tal'g = 0T + Tl in D' (w; M?),

i.e., if and only if the following equality holds for all ¢ € D(w):
/(FaFﬁ - Fﬁra)wdy = /(Fﬁaa@ - Faaﬁgp)dy-

Since det(aqg(y)) > 0 for all y € w and since aqag € WL (w) ¢ COw),

loc

the coefficients of the matrix field (a®?) belong to L (w). This implies that

loc
I 5 € L. (w) and that b7, := a™Pbag € L (w). Hence Ty, € LS (w; M?) C

loc loc loc
D' (w; M?), so that the equations (4.8) make sense. Written componentwise,
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equation (4.8) reads

(4.9) 00Ty + Loy Thy = ibps = 0T 0, + 5,10, — bjbac,
(4.10) Oabgs + T} bary = Opbas + Iisbsy,

(4.11) 0abf + T, b} = b7, + T'h b7,

(4.12) baryd}y = bgy bl

Relations (4.9) are equivalent to the Gauss equation, relations (4.10) are the
Codazzi-Mainardi equations, and relations (4.12) are trivial identities since
bwbg = baybpsa?” = bg,bl. Therefore it suffices to prove that the Gauss

and Codazzi-Mainardi equations implies the remaining equation (4.11).
On the one hand, the definition of the Christoffel symbols gives
2I') Lagy = Oalro + OrGae — Opaar and
2I') pary = OnGor + Ostar — OrGaq,
which next implies that
(4.13) Ontor =T pary + 1) a0,

since the matrix (aqg) is symmetric. On the oher hand, we infer from the
Codazzi-Mainardi equations that

8a( %(IUT) + F’Yaba,y = 8g(b;aw) + szb/g,y,

which next gives
(4.14) o7 0abf + b50aasr + I‘gabm = a5r0bg, + bL,0ga0r + 'l 5bay .

The products aUT(?abg and a,r0gb], appearing in the equation above are
well defined since aqr € H} (w) and dabjs, Osby, € H oL(w) (the space of all
distributions f € D'(w) whose restrictions to D(©) belong to H (@) for all
open subset & € w). For, if f € H.!(w) and g € H}, (w), then the product
fg is the distribution defined by

pE D(w) — < fg790 >=< f7 g >(H*1(CJ),H6(G))7

where w is an open set such that suppy C @ € w. If in addition g €
I/Vlifo(w), then fg € H;,'(w). Relation (4.14) was obtained by using the
Leibniz formula, which holds true for products of elements of VV;)COO (w) with
elements of Li° (w) (the derivatives of elements in L{° (w) belong to H;, ! (w)
since LS (w) C L2 (w)).

Using now relation (4.13) and the identity b7,a, = ba~ in relation (4.14)
gives

Q7 0abfy + bg Ty + B3I 0 + T, by
= aorOpbg + bay ', + 00T gy + 12505y

Hence
ag.r@abg + bgf‘gﬁam = a,703b], + b;I’gTam.



Chapitre 4 : Sur le théoréeme fondamental de la théorie des surfaces 113

Since agra® = (5w multiplying the previous relation with a®% gives the
desired relation (4.11). Consequently, the result announced in step (ii) is
established.

(iii) There exists a matriz field F € W;=>° (w, M3) such that

loc
0o F = FT'y in D' (w; M3),
(4.15) 0 o
F(y") =F",

where FO is the matriz whose i-th column is a?.

To see this, it suffices to apply Theorem 3.1 to the Cauchy problem
(4.15), the assumptions of this theorem being satisfied thanks to the previ-
ous step.

(iv) Let a;(y) denote the i-th column of the matrix F(y). Then there
exists a solution 6 € I/Vlifo (w;R?) to the system

0,0(y) = aq(y) for ally € w,

(4.16) 00" — 6.

By writing the first equation of (4.15) using the columns of the matrix
field F', one can easily show that the vector fields a; satisfy the equations

daap =Toza5 4 bapas in D' (w; R3).
Hence they also satisfy
9300 = TG00 + bgaas in D' (w; R?).
Since Fg o =17 3 and bg, = bag, the two previous relations yield
8aa3 = agaa.

Since in addition w is simply connected and a, belong to LS (w;R3) (in
particular), we can apply Theorem 3.1 to problem (4.16). ThlS shows that
there exists a unique solution 8 € I/Vlifo(w;R‘?) to problem (4.16). Since
0.0 = a, € VVlifo(w, R?), the mapping @ belongs in fact to 147 (w; R3).

loc

(v) The mapping 0 satisfies the relations

aas(y) = 0a0(y) - 950(y),

- 10(y) A 20(y)
bap(y) = 0apb(y) - |810(y) A 020(y)|

(4.17)

for almost all y € w.

Define aq3(y) = asa(y) := 0 and azz(y) = 1 for all y € w. We first prove
that a;(y) - a;(y) = ai;(y) for all y € w, which will give in particular the
first relations of (4 17). Let I'? . denote the coeﬂi(:lents of the matrix I'y, i.e.,
I35 :=bap, T —b%, T35 :=0and I'} 3 := 507 (Jutps + dpags — O, aaﬁ)
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Then one can see that these functions satisfy the relations
Oatij = Thyap; + T aip.
Now, let the functions h;; : w — R be defined by hi;(y) := ai(y) - a;(y)
for all y € w. Then
8ahij = 0qa; - a;+a;- aaaj = nghpj + Fijhip

and hi;(y°) = ai(y°) - a;(y°) = af - af = ai;(1°) (see (4.15)).
Let X;;(y) := hij(y) —ai;(y). Then the functions X;; belong to Wlicoo (w)
and satisfy the following equations
OaXij = Ui Xpj + 10, Xip in L (w),
Xij(y°) =0
for all i,j,. Let the matrix field X : w — M? be given by X(y) :=

(Xi;(y)) € M3, where i is the row index and j is the column index of the
matrix. Then
1,
X e VVlOfo(w;M?’)
and
(418) 0aX =ToX + XTT in LS (w; M?),
' X (%) =0 in M3

We wish to prove that the field X vanishes in w. To this end, we shall use
a connectedness argument. First, note that X € C%(w; M?) by the Sobolev
imbedding theorem. Then the following subset of w,

A:={y ew; X(y) =0 M},

is non-empty (since y° € A) and closed in w (since the application X : w —
M? is continuous). We now prove that the set A is also open in w.

Let y € A, let By := B(y,g9) be an open ball such that By € w
and let C := max,ec(12) [|[Tallro(pym3). Let also B = B(y,e), where
€ = min {%, 50}. Using the inequality

JAT] < \/6r(AAT) = /(AT A) < VB]AP = V3| A]| < 2] A|
valid for all matrices A € M?, we deduce from (4.18) that
(4.19) 106X || oo (Bauz) < 3C|| X || oo (B3

for all o € {1,2}.
Now, define the space

1, L3N . 1, BV CAH N 3
WL (B;MP) = {Y € Wh(B;M%); Y (y) = 0 in M},

Then a result about Sobolev spaces (see Corollary A.1, page 134, for a proof)
shows that for almost all z € OB, the restriction of Y to the segment |y, z|
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belongs to Wh(ly, z[; M?), [[VY || oo 1y, (%) < [[VY || poo () and

0

1 1 2
V)= [ GVt - it= 520 e i) i

for all z €y, z[:= {y+t(z —y);t €]0,1[}. This gives the following inequality
of Poincaré’s type:

(4.20) Y ooy < 22 max |00Y 10w ey

for all Y € I/Vy1 >°(B;M?). By combining this inequality with Y = X with
(4.19), we obtain that

1
[ X | oo (Bypaz) < 6C€]| X || poo B3y < §HXHL°°(B;M3)

thanks to the choice of . Hence X = 0 in L°°(B;M?3), and thus X = 0 also
in C°(B;M?3) since the field X is continuous over B. This implies that the
entire ball B = B(y,¢) is included in A. Therefore, the set A is open in w.

Since the set A4 is non-empty, closed, and open in w, the connectedness
of w implies that A = w. Hence we have

aq(y) - ag(y) = aap(y),
aq(y) - as(y) =0,
as(y) - as(y) =1

for all y € w. These relations show that the first relation announced in step
(v) holds. They also show that

a1(y) A az(y) a1(y) A az(y)

either ag(y) = ——=—F—oras(y) = —————F, Yy Ew,
)= fauw) Aaaw)] " PY = TTar) Aasly)]
ai; aiz 0
and that FTF = as1 aoy 0 in w (recall that F' is the matrix whose
0 0 1

i-th column is a;). Therefore, (det F(y))? > 0, which implies in particular
that det F'(y) # 0 for all y € w. On the other hand,

a3(y0) _ CL? A a’g _ a <y0) N a’Q(yO)
laY Aad|  ai(y®) Aaz(y?)]’

which implies that det F(y°) > 0. Noting that det F is a continuous function
over the connected set w, we conclude that det F' > 0 over w. Hence we must
have

_ai1(y) Naa(y)
%W = Ta1(y) A axy)]

for all y € w. On the other hand, step (iii) shows that
daaps(y) =T7s(Y)ac(y) + bas(y)as(y)
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for almost all y € w. By combining these last two relations, we finally get

) = ) s9) =00 L5 G

which is the second relation announced in step (v).

(vi) The mapping 0 is unique up to proper isometries of R3. Let another
mapping ¢ satisfy the conditions of the theorem. Let Fy € M3 be the
matrix whose ¢-th column is a? and let Ey € M? be the matrix whose first,
second and third column are respectively 91 (y°), 92 (y°) and (91¢(y°) A

02(y°))/|1010(y°) A B2p(y?)|. Define the mapping 0 : w — R3 by letting

(4.21) 0(y) = 0° + Q(d(y) — (")) for all y € w,

where @Q = FyE, ! The matrix Q is proper ortogonal since det @ > 0
and QTQ = I, the latter relation being an immediate consequence of the
following relation

an(yo) alz(yo) 0
FIFy=El'Ey=| a2(y®) axn@®®) 0
0 0 1

Then a simple calculation shows that the mapping 0 satisfies the condi-
tions of the theorem. This implies that the Gauss and Weingarten equations
are satisfied, i.e.,

Ontg = I'g 50, + bopas in D' (w;R?),
Dtz = —bJa, in D'(w;R3),
where @q(y) 1= 0,0(y) and

asly) = 20w 1 0:0(y)

010(y) A 020(y)]
for all y € w. These equations are equivalent with the matrix equation
8(113 = FT o, Where F is the matrix whose i-th column is a;. In the same
manner, 0, F = F' Ty, where F' is the matrix whose i-th column is a;.

On the other hand, since @;(y°) = a?, we also have F(y°) = F(y°) = F.
Then Theorem 3.1 implies that F' = F in Q. Therefore 0,0 = aoﬁ for
a € {1,2}, which next implies that 6 — 6 is a constant function. Since
0(y°) = 6(y°) = 0° and w is connected, we finally obtain that 8 = 6. Then
relation (4.21) shows that the mapping 0 satisfying the conditions of the
theorem is unique up to proper isometries of R3.

The proof is now complete. ([

Remark 4.1. The equalities h;; = a;; appearing in step (v) of the previous
proof can also be established by applying Theorem 3.2 of Chapter 3 to the
system (4.18).
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The proof of Theorem 4.2 also shows that the mapping @ is unique if it
is required to satisfy some additional conditions. More specifically, it shows
that the following result holds.

Theorem 4.3. Let w be a connected and simply connected open subset of R?
and let matriz fields (aq3) € VVé’COO(w;Si) and (bag) € LS (w;S?) be given

loc
that satisfy together the Gauss and Codazzi-Mainardi equations in D'(w).
Let there be given y° € w, 8° € R? and a2 € R3 such that a - a% = aas(y°).
Then there exists one and only one map 0 € VVIQ’OO(w; R3) such that 6(y°) =

ocC
6°, 0.0(y°) = al and the covariant components of the first and second

fundamental forms of the surface @(w) are given respectively by the matrix

fields (anp) and (bag)-

The result of Hartman and Wintner [8] can now be obtained as a corol-
lary to Theorem 4.2. More specifically, we have the following:

Corollary 4.1. Assume that w is a connected and simply-connected open
subset of R%. Let the matriz fields (aqz) € CH(w;S2) and (bap) € CO(w;S?)
be such that they satisfy the Gauss and Codazzi-Mainardi equations,
0o — 010, + 10510, — 10,155 = bagb’, — barbj,
aybag — agbm + Fgﬁbg,y — Fg,ybag =0,
in D'(w). Then there exists a mapping 6 € C%(w,R?) such that
aa3 = 0.0 - 030 and
(4.22) 010 N 020
bag = 003l - —————
B = ZaBY 15,0 A 0,0
in w. Moreover, the mapping 0 is unique in C*(w,R3) up to proper isome-
tries in R3.

Proof. By Theorem 4.2, there exists a mapping 0 € WAoo (w,R3), unique up

loc
to proper isometries in R3, such that relations (4.22) hold true for almost

all y € w. It remains to prove that 8 € C?(w,R3).
First, we have 8 € C'(w,R3) by the Sobolev imbedding VVli’COO (w,R3) C
C*(w,R3). Then the Gauss and Weingarten equations show that
8aa5 = F;ﬁar + baﬁag,
Oaas = —blar,
where ag(y) := 0360(y) and
a Na
as(y) = 1(y) A az(y)
lai(y) A az(y)|
for all y € w. Since ar,a3 € I/Vlifo(w;]R% C CYUw;R3), b7, = baea’™ €
C%w), and

1
;ﬁ - §CLTJ (8aaﬁa + aﬂaaa - adaaﬁ) € Co(w)’
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we deduce from the Gauss and Weingarten equations that ag, az € C'(w;R?).
Hence 936 € C!(w;R3). Since we have already seen that 8 € C(w,R?), we
finally deduce that 8 € C?(w,R3). O

Another consequence of Theorem 4.2 combined with Theorem 4.1 is that,
if the matrix fields (aqag) and (bag) are respectively of class W and L>
over w and the matrix field (a7) is of class L> over w, then the surface
is given by a mapping of class W™ over w, provided that w has a finite
geodesic diameter. More specifically, we have the following

Corollary 4.2. Let w be a connected and simply-connected open subset of R?
with a finite geodesic diameter. Let there be given two matriz fields (aqg) €
WL (w;S2) and (bag) € L®°(w;S?) such that (ans)~! € L®(w,M?). If
these fields satisfy the Gauss and Codazzi-Mainardi equations in D'(w), then
there exists a mapping @ € W (w,R3) such that

aog = 0,0 - 030 and

(4.23) 5,0 A 820
bag = Dag - 227
A= 0B 5.0 A 0,0] “°

m w.

Moreover, the mapping 6 is unique in W2 (w,R3) up to proper isometries
in R3.

Proof. By Theorem 4.2, there exists a mapping 0 € I/Vlicoo (w, R3), unique up
to proper isometries in R3, such that relations (4.23) hold true for almost all
y € w. This implies that the Gauss and Weingarten equations are satisfied,
i.e., that

daap =T 50, + bopas in D' (w;R?),
dpaz = —bJa, in D'(w;R3),
where
0h0 N D20
|010 N 020|
These equations are equivalent with the matrix equation 9, F = F' T, where
F' is the matrix whose i-th column is a; and I', is the matrix defined by
(4.7).
The regularity assumptions on the matrix fields (aq3) and (bag) imply

that the coefficients I',, belong to L (w;M?). Since in addition the geodesic
diameter of w is finite, we can apply Theorem 4.1 to the system

oY =Y Ty in D' (w; M?),
Y(y°) = F(y°),

where 3 is a fixed point in w. This implies that the unique solution F to
this system belongs to W1°°(w; M?). Then the first two columns a,, of the
matrix field F belong to L>(w;R?) and thus we can apply Theorem 4.1 to

a, = 0,0 and a3z :=
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the system
Oa = @, in D'(w;Rg),
() = 0(y°).

This implies that the unique solution  to this problem belongs to W1 (w; R3).
Since we have already seen that 9,0 € W1 (w;R?), we conclude that the
mapping @ belongs to the space W2 (w; R?) and the corollary is proved. [

A proof similar to that of Theorem 4.2 yields the following more general
result for hypersurfaces immersed in R%, d > 2. All definitions and notations
(for the Christoffel symbols in particular) that have been used for surfaces
immersed in R3 are translated verbatim to hypersurfaces immersed in RY
with the new convention that Greek indices vary in the set {1,2,...,d — 1},
Latin indices vary in the set {1, 2, ..., d} and the summation convention with
respect to repeted indices is used in conjunction with these rules. The
normal vector to the hypersurface 8(w), where w C R and 0 : w — R?,
is defined by

auly) = 010(y) A 020(y) A~~~ N Da—10(y)
0160(y) N D20(y) A -+ - A O3—16(y)|
The exterior product a; Aas A - -- A ag_q of the vectors a1, as, ...aq_; € R?
is defined as the unique vector a (obtained by Riesz Theorem) that satisfies
detg(ai,as,...aq_1,v) = a- v for all v € R,

where B is the canonical basis of R%.

Theorem 4.4. Assume that w is a connected and simply-connected open
subset of R1~1 and that the matriz fields (anp) € I/Vlz’coo(w, SE1Y and (bap) €
L (w;ST71) satisfy the equations (4.6) in D'(w) (where the Greek indices
vary in the set {1,2,...,d—1}). Then there ezists a mapping 0 € T/Vlifo (w,R%)
such that

aas(y) = 0ab(y) - 950(y),

_ 916(y) N 020(y) A--- N Da—10(y)
0o ) = 0030 5.0y) A 20y) A1 0410

for almost all y € w. Moreover, the mapping 0 is unique in Wf)coo (w,RY) up
to proper isometries in R,
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Appendice

1. INTRODUCTION

Dans cette derniere partie de la these, on fournit d’une part les preuves
completes de certains résultats d’analyse qui ont été utilisés dans les cha-
pitres 3 et 4 et, d’autre part, on établit que le Théoreme 3.2 énoncé au
troisiéme chapitre est une conséquence du Théoreme 3.1 énoncé et démontré
dans ce méme chapitre.

Dans la premiere section de cet appendice, on établit en particulier le
résultat suivant, qui a été utilisé a plusieurs reprises dans les deux derniers
chapitres de la these : Soit Q := B(2°, R) une boule ouverte dans l’es-
pace R? et soit Y € W1 (Q;M%!). Alors pour presque tout z € 9Q (par
rapport & la mesure surfacique), la restriction de l'application Y au seg-
ment |20, z[ appartient & I'espace W1 (]z0, z[; M%!), VY| Loo 120,20ty <
VY| oo (B(2, R):aat) €1

/Zayx + t(z — 2°)) (2 — 22)dt

pour tout z €]z z[:= {2° + t(z — 2°);¢ €]0,1[}. On rappelle que cette
relation, ou I'une de ses variantes, intervient d’une maniere essentielle dans
la démonstration du Corollaire 3.1 du troisieme chapitre et est utilisée dans
Iétape (v) de la démonstration du Théoreme 3.1 du troisieme chapitre ou
du Théoreme 4.2 du quatrieme chapitre.

Ce résultat est établi dans le Corollaire A.1, qui est obtenu comme une
conséquence des Théoremes A.1 et A.2. Le Théoreme A.1, obtenu & 'aide
des Lemmes A.1 et A.2, est un résultat classique concernant les espaces de
Sobolev dont la démonstration est reproduite ici pour rendre I’appendice au-
tocontenu. Le Théoreme A.2, établi a I’aide des Lemmes A.3 et A.4, fournit
une formule de changement de variables pour les fonctions de classe W1
dans un ouvert de R? sous des hypotheses plus faibles que celles trouvées
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habituellement dans la littérature (voir par exemple Brezis [3], Proposition
IX.6).

Le Lemme A.3 ci-dessous est essentiellement la réciproque du théoréme
de Sard. Il est implicitement utilisé lorsque 1’on définit la composition f o
G entre une classe de fonctions f modulo 1’égalité presque partout et une
application G correspondant a un changement de variables (par exemple
pour passer des coordonnées cartésiennes aux coordonnées sphériques).

Notons également que le Lemme A.4 ci-dessous permet de donner une
autre preuve des inégalités (3.29) du troisieme chapitre et (4.20) du qua-
trieme chapitre.

Dans la deuxieme section de cet appendice, on établit essentiellement
que la résolution du systeme matriciel

8Q,Y — YAa + CaY + Ba
se ramene a la resolution des systemes plus simples du type
0uX = XA, (ou 0,7 =C,2)

et
0o X = Bq,

pour un choix approprié du champ de matrices Ea.

2. QUELQUES RESULTATS D’ANALYSE

Dans cette section, toutes les fonctions sont a valeurs réelles et la regle
de la sommation par rapport aux indices répétés est utilisée.

Pour tout entier d > 1, ’espace euclidien d-dimensionnel est identifié a
R?. L’adhérence d’un sous-ensemble 2 de R? est notée Q et la frontiere de
est notée Q. Un point courant de R? est noté = = (2/, z4) = (1, x2, ..., 24),
ou 2’ = (x1,x2,...,44-1), et les dérivées partielles sont notées 9; := 9/dz;.
La notation B(z, R) désigne la boule ouverte de centre z € R? et de rayon
R >0, et

dist(A, B) = QEEX}ZerB |z — y|
désigne la distance entre les sous-ensembles A et B de R%. Le support d’une
fonction continue ¢ : 2 — R est 'adhérence de I’ensemble des points ou f
est non nulle, i.e.,

supp ¢ = {x € 2, p(z) # 0}
Si © est un sous-ensemble de R, la notation w € 2 signifie que w est un sous-
ensemble de € tel que son adhérence w est un ensemble compact contenu
dans 2.

Si Q est un ouvert de R? et G = (G1,Ga,...,Gg) : Q@ — R? est une
fonction différentiable en x € €, le gradient de G en z est la matrice
VG(z) := (0;G;j(z)), ot i est I'indice de colonne et j est I'indice de ligne, et
le Jacobien de G en z est le nombre Jg(z) := det(VG(z)) (le déterminant de
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la matrice (VG(x))). L’image réciproque par l'application G d’un ensemble
A C RF est définie par

GHA):={recQ; Gz)c A}

La mesure de Lebesque dans R? est notée £¢ ou dz lorsqu’elle est utilisée
dans une intégrale, qui est alors comprise au sens de Lebesgue. Un sous-
ensemble de R? est dit mesurable s’il est mesurable par rapport & la mesure
de Lebesgue £¢ et une fonction définie dans un sous-ensemble mesurable
de R? est dite mesurable si elle est mesurable par rapport & la mesure de
Lebesgue £

Soit  un ouvert de R?. Les notations D(Q2), D'(Q2), C¥(Q), et W™P(Q)
désignent respectivement ’espace des fonctions indéfiniment dérivables a
support compact dans €, 'espace des distributions définies dans €2, I’espace
de fonctions continues dans () telles que leurs dérivées partielles jusqu’a
Pordre k sont également continues dans 2, et ’espace de Sobolev usuel. On
utilise également la notation

Wi (% RY) = {u € D'(%RY);
u e W™P(U;RY) pour tout ouvert U € Q}.

Les espaces des fonctions & valeurs dans un espace vectoriel X sont notés
D(2 X), D'(2; X), CF(2; X), W™P(Q; X)), etc.

Pour toute classe de fonctions f € I/Vlicoo (2), on choisit le représentant

continu, noté f, de f . Par souci de simplicité, on utilise dans ce qui suit la
meéme notation pour une classe et son représentant continu, la distinction
devant étre claire d’apres le contexte. Ainsi, la notation f € VVI})’COO(Q;X )
signifie que f et toutes ses dérivées partielles sont essentiellement bornées

et que f(x) est bien défini et appartient a 'ensemble X en tout point = de €.

On commence par un résultat classique concernant les fonctions d’une
seule variable (voir par exemple Brezis [3]) :

Lemme A.1. Soit f € W2 (la,b]), ot a,b € [—00,+00], et soit zo €]a, b|.

loc
Alors f admet un représentant continu et pour ce représentant (noté aussi

f), ona
@) = fGao) + | iy,

pour tout x €|a,b[, ot f' est un représentant arbitraire de la derivée de f
au sens des distributions dans D'(]a, b]).

Démonstration. Soit la fonction f :]a,b[— R définie par f(x) = 2 f(¢)dt

et notons que f est continue et satisfait la relation f () = f(y)+ [
pour tout z,y €]a, b.
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Soit ¢ € D(]a,b[). Il existe a’ > a et b’ < b tels que supp C [@/,b'] C
la,b[. Alors on a

[ 70 o= [ (i) [ i)
:f(a/)/:l dt+//(/tf’ (1) dt

ou pour la quatrieme égalité m—dessus, nous avons utilisé le Théoreme de
Fubini pour la fonction

(s,t) € [@" 0] = f'()¢' ()L 1 (5),

qui est évidemment intégrable sur [a’, b]?. La notation 1( 4 désigne la fonc-
tion indicatrice de 'intervalle [a’, t], c’est-a-dire que

1sisel[d,t],
g g(s) = { .

0 sinon .

On obtient donc f = f’, les dérivées étant prises au sens des distribu-
tions. Par conséquent, il existe une constante ¢ € R telle que f = f +c
dans D'(Ja,b]) (voir par exemple Brezis [3] ou Schwartz [10]), ce qui est
équivalent & f(z) = f(z) 4 ¢ pour presque tous x €]a, b[. Pour conclure, il
suffit d’observer que la fonction f := f + ¢ satisfait les propriétés demandées
dans I’énoncé du Théoreme. O

Remarque A.1. Le lemme précédent donne en particulier le résultat clas-
sique suivant : Si f € I/Vlic1 (Ja, b)), alors la fonction f est absolument continue
sur tout ensemble compact inclus dans U'intervalle ]a, b].

Le théoreme suivant est aussi classique, il peut étre trouvé sous différentes
formes dans e.g. [7, 9]. Avant de I’énoncer, on fait les conventions de no-
tation suivantes : si Q C R? est un ouvert et 2/ € R alors Q, C R est
I’ensemble défini par

O i={xg; (2',24) € Q}.

Notons que €,/ est un sous-ensemble ouvert de R. Si f : @ — R? est une
fonction, on note f(z',-) la restriction de f & Q. et I'on note f'(z/,-) la
dérivée de f(2',-) dans D'(,/) (lorsque cette dérivée existe). La notation
Oaf = a‘% désigne la dérivée au sens des distributions dans D'(Q). Lorsque

fe I/VliCl(Q), la notation 9;f(2',-) désigne la restriction d’un représentant
de 8df a Qm/
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Dans I’énoncé suivant, on se fixe un représentant pour f et un représentant
pour J;f.

Lemme A.2. Soit Q un ouvert de RY et f € WEH(Q). Alors il ewiste un

loc
ensemble E C R%1 de £ -mesure nulle tel que

/ / / 8 /
(@) € WhNQu) et F(a!, ) = agfd@c,-)

pour tout ' € R\ E.

Démonstration. On considere une suite d’ouverts U,,,, m € N, tels que U,,, @
Q, Up C Upt1, et Q = UpUy. Ceci entraine que Qp = Up(Up)w et
(Unm)zr C (Um+1)2 pour tout ' € R=1 11 suffit donc de montrer que pour

tout ouvert U € €, il existe un ensemble Eyy € R4 de £¢!-mesure nulle
tel que

0
fl',) e WhHUy) et f(2,) = a—f(x', -) pour tout z’ € R4\ Ey.
Lq
L’ensemble E apparaissant dans ’énoncé du lemme sera ensuite donné par
E:=U,Ey,, .
Soit f € I/Vlicl(Q) et un ouvert U € (). Le théoreme de Meyers-Serrin
[8] (voir aussi [1, 3, 6]) affirme qu'il existe une suite f,, € C*(U)NWhHL(U)
telle que f,, converge vers f dans W1(U) lorsque n — co. En particulier,

/U (ful@) — F@)| + 1Bafa(e) — Baf (@)])da
= [ ] 15a0) = F@]+1005(2) — af @) dada” — 0
ri-1 Ju,

lorsque n — oo. Quitte & extraire une sous-suite, il existe alors un ensemble
E; Cc R de £ '-mesure nulle tel que

(A1) /U (|fn(a’, xq) — f(&' 2a)| + [0afn(2', xa) — Oaf (2', xq)|)dag — O

pour tout 2’ € R4~1 \ E1 (par convention, cette derniére intégrale est réduite
a zéro lorsque ’ensemble U,/ est vide).
D’autre part, pour tout n, on a

J @l + @i = [ [ U@+ 0k @) hdaada’ < o

Par conséquent, pour tout n, il existe un ensemble Ey C R41 de £4-1-
mesure nulle tel que

/ (fale,20)| + 10uf(a’ )| )dra < o0

(El

pour tout 2’ € R4~1 \ E%. Ceci entraine que

(A2)  fu(2',:) € WHY(U,/) pour tout n et pour tout ' € R\ Ey,
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L’ ensemble Ey = E1UF5 est de £4 -mesure nulle. De plus, les relations
(A.1) et (A.2) ensemble impliquent que f(z',-) et 94f(2’,-) appartiennent a
I'espace L'(U,) et que I'on a les convergences
(A.3) ful@',:) — f(a',-) dans L} (U ) et
(A4) dafn(@',-) — Oaf (2',-) dans L*(Uy)
pour tout ' € Epy. L’inégalité (A.1) et I'inégalité triangulaire montrent
que la suite (f,(2/,-)) est de Cauchy dans W1 (U,/). Par conséquent, sa li-
mite dans L!(U,/) appartient & Pespace WH1(U,/), c’est-a-dire que f(a2/,-) €
WhH(U,/). Comme

i@ ) — f'(«',-) dans D'(U,) lorsque n — oo
(grace a la relation (A.3)) et comme f](2/,-) = 04fn(2’,"), la relation (A.4)
entraine que f'(2/,-) = 9,f(2’,-), c’est-a-dire que la dérivée au sens des
distributions dans D'(U,/) de f(a',-) est donnée par d,f (2, ).
U

Remarque A.2. En raisonnant comme dans I’Appendix du troisieme cha-
pitre (page 97), on peut démontrer le Lemme A.2 & 'aide du théoréme de
type Lebesgue-Besicovitch suivant : Si f € L; OC(}Rd), alors il existe un en-
semble E C R de L9 -mesure nulle tel que

f( ) € Lloc(R)

/ o
gli%ﬁd (BE.) /xg/]fx zq) — f(T', xq)|drgdx” =0

pour tout T € R¥™1\ E et pour tout ouvert borné U C R. La preuve de ce
résultat est analogue a celle du Lemme 3.1, page 68.

En combinant les deux lemmes précédentes, on obtient le résultat sui-
vant :

Théoreme A.1l. Soit w un owvert de R4, soit I un intervalle ouvert de
R et soit a € I. On se donne f € WH°(w x I). Alors il existe un ensemble
E C w de L% '-mesure nulle tel que

f(x’, ) € Wl’OO(I) et
f(@2a) = f(a,a) + / M ouf (e ) dt

pour tout (x',24) € (w\ E) x I, ou [ est le représentant continu de f €
Whee(w x I), et Oqf est un représentant de la classe (notée aussi) Oqf €
L®(w x I).

Les deux lemmes suivants sont nécéssaires pour établir une formule
de changement de variables (voir Théoreme A.2) sous des hypotheses plus
faibles que celles usuellement rencontrées dans la littérature (voir par exemple
Brezis [3]). On rappelle que le Jacobien d’une application G est noté Jg.
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Lemme A.3. Soit D un ouvert de R? et soit G € C1(D;R%) une application
telle que la L%mesure de 'ensemble {x € D;Jg(z) = 0} s’annule. Alors
LUG71(A)) = 0 pour tout ensemble A C R? tel que LY(A) = 0.

Démonstration. La fonction Jo : D — R définie ci-dessus étant continue
(puisque G € C'(D)), I'ensemble

E :={x € D;Jg(z) # 0}

est ouvert. Par conséquent, pour tout x € FE, il existe un voisinage ou-
vert V,, de z inclus dans E tel que lapplication G : V, — G(V,) est un
difféomorphisme de classe C! (grace au théoréme d’inversion locale, voir
par exemple [4]). Grace a la propriété de Lindel6f (voir par exemple Bour-
baki [2]), on peut recouvrir I’ensemble E par un ensemble dénombrable de
tels voisinages, c’est-a-dire qu’il existe les voisinages V,, := V,, , n € N, tels
que E =U,V,.

Soit A C R? un ensemble de £%-mesure nulle. Il existe alors un ensemble
borelien B de £%mesure nulle tel que A C B. Comme I’application G est
continue, 'ensemble G~!(B) est aussi un ensemble borelien. Avec la notation

B, :=V,NnGYB),

l'on a G(B,) C G(G™Y(B)) c B, dou LYG(B,)) = 0. D’autre part,
comme le sous-ensemble B,, de V,, est mesurable et G : V;, — G(V,,) est
un difféomorphisme de classe C', la formule classique de changement de
variable sous 'intégrale montre que

LG (By)) = /B o)l

Comme |Jg(x)| # 0 pour tout z € By, la relation précédente entraine que
£4(B,) = 0.
Par conséquent,

G '(A) = (EnG Y (A)U(E°NG1(A)
= (Up{Vu NG HA}D U (E°NGH(A))
C (UpBn) U (E°NGT1(4)),

oit E¢:= D\ E. Comme £L%(B,) = 0 et LYE°) = L4 ({x € D; Jo(x) = 0}) =
0 (voir les hypotheses du théoréme), on en déduit que L4(G~(A)) =0. O

Remarques A.3. 1. Le Lemme précédent peut également étre obtenu
comme une conséquence de la formule de ’aire établie dans Evans et Gariepy
[5] (voir le Théoreme 1, p. 96). Cette formule permet d’obtenir le Lemme
précédent sous ’hypothese affaiblie que ’application G est seulement lip-
schitzienne. Dans ce cas, le Jacobien de G est bien défini presque partout
dans D grace au théoreme de Rademacher (voir [5], Théoreme 2, p. 81).

2. Une conséquence du lemme précédent est que I'image réciproque par
G d’'un ensemble mesurable est un ensemble mesurable, c¢’est-a-dire que
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G~Y(E) est L%mesurable pour tout sous-ensemble L£%mesurable £ C R?.
Ainsi, si f : R — R est une fonction £%mesurable, alors la fonction
foG:D — R est L%mesurable.

Lemme A.4. Soit Q un ouvert de R? et soit f € WH°(Q). Alors pour tout
ouvert w € Q, il existe une suite de fonctions (f,) C D(R?), n € N, telle
que leurs restrictions d w, notées fn = f,|u, satisfont les trois conditions
suivantes :

fn converge vers f dans WP (w) pour tout 1 < p < oo,

I fallzoow) < N fllpee(q), pour tout n € N

10i frllLoo () < 10if Lo (), pour tout n € N et i € {1,2,...,d}.
Démonstration. Soit w € ) un ouvert, soit ng € N tel que

1
— < d(w,°
< dw, ),

et soit

1 1
wo =w+ B(0, —) := {x—i—y; T € w, yeB(O,)}.
o no

L’ensemble wy est ouvert et satisfait wy € €.
On définit ensuite la fonction f : R* — R par

_ f(z) si x € wy,
f(z):= . d
0six e R\ wy,
et les fonctions 9;f : R* = R, i =1,2,...,d, par
(%f(.%) si z € wy,
zf(x = . d
0sizeR\ wp.

Clairement, les fonctions f et 0;f, i = 1,2,...,d, appartiennent & l’espace
LP(R%) pour tout p € [1, 00].

On se donne également une suite de fonctions régularisantes p, € D(R?),
oun € Net n>ng, telle que

1
pn > 0 dans RY,  supp p, C B(0, 5) et / pn(x)dx = 1.
R4

(@ F)n = pn * Oif : RY — R par

folx) = » FW)pn(z —y)dy et (0if)n(z) = » 05 f () pn(z — y)dy

Pour tout n > ng, on définit les fonctions f, = p, * f : R — R et

pour tout z € R?. Les fonctions f,, et (9;f), appartiennent alors & 1’espace
D(R?) et satisfont (voir par exemple [3])

F., — f dans LP(R?) lorsque n — oo

(A.5) _ _ p
(0if)n — 0if dans LP(R?) lorsque n — oo
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pour tout 1 < p < 0o, ainsi que

(A.6)
|frn(@)] < [ fll Lo @aylonll L1 ay = [ £l Loomay = 1 f oo (o) < N fllzoe (o)
(05 )n(@)] < N0if || oo eyl onll L1ty = 105 f | Loe (wo) < 10if | o< ()

pour tout x € R? et tout n > ng. B B
Montrons maintenant que les restrictions de f,, & w, notées f,, := f, |w,

satisfont les propriétés requises par le théoreme. On commence par montrer

que la dérivée au sens des distributions de f,, est donnée par 9; f,, = (9i f)nlw-
Soit ¢ € D(w). Alors

/ fo(@)Oip / Fo(@)Orp(c)de
/

ott pn(t) = pn(—t) pour tout t € R%. Comme

] ] 1
supp (pn * @) C supp ¢ + supp pn, C supp ¢ + B(0, ;0) C wo

pour tout n > ng, la relation précédente entraine que (en appliquant le
théoreme de Fubini comme ci-dessus)

/ fodiopdz = | Fou(pn * p)da = / F0u(5n * )da

/fa P * @)d /3f,0n*s0

Oif (pn * )dx / i f (n * @)d

wo
= — / pn * 0; fod.
R4
Par conséquent,

[ hvsets = [ @1), s

pour tout ¢ € D(w), ce qui entraine que

Oifn = (0; f)n|w dans D'(w).
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Notons que f,, € W'P(w) car f, € D(R?) c WIP(R?). Ensuite, les relations
(A.5) montrent que

1fn = fllzrw) < I1Fn = Fllzo@ey — 0 lorsque n — oo,
10 fn = 0ifll oy < 1(0if)n — Bif || Lp(ray — 0 lorsque n — oo
pour tout 1 < p < 00, et les inégalités (A.6) montrent que

[ frllzoe @) < I llzee (@)
10: frll oo @)l < 10 fll Lo ()

pour tout n > ng. La preuve est complete. [l

Remarque A.4. Comme la fonction f est continue sur wp, on obtient aussi
la convergence f, — f dans L™ (w) lorsque n — oo.

Le résultat suivant fournit une formule de changement de variables sous
des hypotheses plus faibles que celles trouvées habituellement dans la litté-
rature (voir par exemple Brezis [3], Proposition IX.6). On rappelle que le
Jacobien d’une application G est noté Jg.

Dans ’énoncé suivant, il est a remarquer que ’application G peut étre
ni injective, ni surjective.

Théoréme A.2. Soit Q et Q deux ouverts de R?, soit f € W(Q), et soit
G € CY(Q;RY) une application telle que

GQ) CcQ, VG e L¥(Q;M?) et L9z e Q ; Jg(z) =0}) =0.

Alors fo G € WH(Q) et

d
Oi(foG) = Z(ajf 0 G)0;G;j pour tout i € {1,...,d}.

J=1

Démonstration. Le Lemme A.3 montre que £I(G~1(A)) = 0 pour tout A C
2 de mesure nulle. Ceci entraine que les fonctions (f o G) et ((9;f o G)0;Gj)
sont bien définies dans (c’est-a-dire qu’elle sont indépendantes, modulo
la relation d’égalité presque partout, du choix des représentants de classes
de f et de 0;f), mesurables, et appartiennent a l'espace L>°(Q). Il reste a
montrer que les dérivées au sens des distributions de f o G sont données par

d
0i(fo @)= Z(ajf o G)0;G; pour tout ¢ € {1,...,d}.
j=1

Soit ¢ € D(£2). Comme application G est continue et ’ensemble supp ¢
est compact, I'image G(supp ¢) est un compact inclus dans . Il existe alors
un ouvert w de R? tel que G(suppy) C w € Q. On a ainsi la relation
supp C G~HG(suppy)) € G~Y(w), donc le support de ¢ est inclus dans
I'ensemble & := G~!(w). Notons que I'ensemble @ est ouvert et que @ C Q.
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_ Comme w € (2, le Lemme A.4 montre qu'il existe une suite de fonctions
fn, € DRY), n € N, telle que les restrictions f, := f,|. appartiennent &
I'espace Wh1(w) et satisfont les relations :

fn — f dans Wh(w) lorsque n — oo,

I fallzoo @) < Iz () pour tout n € N,
19; frllpee ) < 1105 f |l Lo () pour tout n € Net j € {1,2,...,d}.

Les fonctions composées f,, oG, (0;fn) oG : W — R sont clairement de classe
C' dans @. De plus, les deux inégalités ci-dessus montrent que ces fonctions
satisfont

[ fr 0 GllLe@) < I fllee(q) et
105 fn 0 Glleo@) < 19 fllpe(e),J € {1,2, ..., d},

pour tout n € N. Comme f,, — f dans W'!(w), le Lemme A.3 et le théoreme
de la convergence dominée montrent que, quitte a extraire une sous-suite,
l'on a

fnoG — foG dans Ll(@),

(A7) Lo
O0jfnoG — 0jfoG dans L' (w),j=1,....,d

lorsque n — oo.
Avec louvert w et les fonctions f, construits ci-dessus, l'on a (on utilise
la régle de la sommation par rapport aux indices répétés)

(A8) [ Gopds =~ [ (0352 G)0G5) o

w

Par passage a la limite n — oo, 'on obtient alors grace aux relations (A.7)
que
/(f o G)0;pdx = —/((ij 0 G)0;Gj)pdx.

Comme le support de ¢ est inclus dans @, il s’ensuit que

(e Gowods = [ (0:12G)0i6y) g,
Q Q
donc que 0;(f o G) = (9;f 0 G)0;G;. O

Remarques A.5. 1. Le théoreme précédent reste vrai si I’on remplace 1'hy-
pothese que G € C 1(fVZ; R%) par I’hypothese affablie que 'application G est
lipschitzienne sur Q. Pour le montrer, il suffit d’utiliser la Remarque A.3
(donc d’appliquer le Lemme A.3 pour une application G lipschitzienne) et
la relation (A.8) ci-dessus lorsque G est seulement lipschitzien. Cette rela-
tion peut étre établie par un passage a la limite en utilisant ’analogue du
Lemme A.4 pour une fonction a valeurs vectorielles.

2. L’hypothése que f € W1°(Q) ne peut étre remplacée dans I’énoncé
du Théoréme précédent par I'hypotheése plus faible que f € WHP(Q) avec
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1 < p < 400, méme lorsque G est un C'-difféomorphisme. Pour le voir, il
suffit de considérer ’exemple suivant :

Q:= B(0,1)\ {(x,0); >0} C R?

Q :=]0, 27[x]0, 1],
et I'application G : Q — Q est définie par
G(p, 1) := (rcos g, rsin ) pour tout (p,r) € €.
Notons que cette application est un C'-difféomorphisme tel que
VG e L®(M?) et {x € Q; Ja(z) =0} =0.

Ensuite, si 1 < p < 0o, on définit la fonction f: 2 — R par

f(a) = a7,
et, si p =1, on définit la fonction f : Q2 — R par
_1
f(@) = [z|"2.

Un calcul élémentaire montre alors que f € WLP(Q) et que foG & WhP(Q).

Le Théoreme précédent permet d’établir un résultat analogue a celui du
Théoreme A.1 en coordonnées sphériques. Plus précisement, 'on a :

Corollaire A.1. Soit Q := B(2°, R) une boule ouverte de R?, ou 2° € RY
et R est un réel > 0. Pour tout z € 052, on définit une paramétrisation du
segment [x°, 2] par Uapplication (dépendant de z)

¥ = (V0 5) 1 [0,1] = RY ot 47(t) i= 2 + t(z — 29).

Soit f € Whe(Q). Alors pour presque tout z € 9Q (par rapport d la
mesure surfacique sur 0S2), l'on a

fov® e whe(jo, 1)),
105 f) o ¥*[lLeqo,1py < 1105 fllLoe(q) pour tout j € {1,2,...,d}, et

(A.9) f(‘vz(t))zf('rz(O))+/0 03.f(v*(5))(7;) (s)ds

pour tout t € [0,1], ot f est le représentant continu de f € WH>°(Q) et 9;f,
Jj=1,2,...,d, est un représentant de 0;f € L>(2).

Démonstration. On définit I'application G = (G1, Ga, ..., G4) : R? — R? par

G(@l, vy Pd—1, T) - (1’1,1’2, ...,1'd),
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ou
T = x(l] + 7 COS (P1... COS Pq_3 COS Pg_2 COS Pg_1,
To = :cg + 7 €08 (P1... COS (Pg_3 COS Pg—2 SIN Yg_1,

T3 = :cg + 7 Cos 1... COS P43 SiN Y2,

Tq =29+ 7sin ;.

Soit 2 := wx] — R, R[C R?, ot w := R¥!, Un point courant de Q est noté
(p,r),our €] — R,R[ et ¢ = (¢1,¥2,..., pa—1) € w, et un point courant de
Q est noté z = (x1, z2, ..., 24q).

Clairement, G € Cl(ﬁ;Rd), G((Z) CcQ, et VG € Loo(ﬁ;Md). De plus,

Ja(p,r) = (1)1 4D/2p8 (o5 1) 72 (cos 9) 3. (cos p4_2),

ce qui montre que la £%mesure de Pensemble {z € Q ; Jg(z) = 0} s’annule.

Soit f € W1>(Q). Le Théoreme A.2 montre que f oG € WH>(Q) et
que 0;(f o G) = (0;f o G)0;G;. Le Théoreme A.1 appliqué a la fonction
foG € Wh®(wx] — R, R[) montre qu'il existe un ensemble E C w de
£ -mesure nulle tel que
(A.10) (foG)p,) € WH(] = R, R]) et

" 0G;

(A1) (oG = (1o @00 + [ @1 OGN eut)at

pour tout (¢,7) € (w\ E)x] — R, R|.
Avec les notations x := G(p,7) et z := G(p, R), 'on a

0
=0t (220,
Glot) ="+ (25

Alors la relation (A.11) montre que

0
z—120 zj —x;

(A.12) f(z) = f(a°) +/O i f(a" +t =)t
pour tout z € G((w \ E) x {R}) et r €] — R, R[. Comme
P90\ G(E x {R}) = Glw x {R}) \ G(E x {R})
CG((w\ E) x {R}),
la formule (A.12) est valable pour tout z € 9Q \ F et r €] — R, R[, ou
F := G(E x {R}).

(A.13)

Par conséquent,

r/R
f(z) = f(a%) + /0 0,1 (e + 5(z — %) (25 — %)ds
pour tout (z,7/R) € (0Q\ F)x] —1,1]



136 Appendice

Comme z° +s(z —2°) = ~4*(s) pour tout s € [0, 1], la relation précédente
combinée avec (A.10) donne en particulier

foy* e Whe(]o,1]) et

(A.14) t
CH) =f(‘vz(0))+/0 0;f(v*(s))(7;) (s)ds

pour tout (z,t) € (O \ F) x [0,1] (I’égalité en ¢ = 1 est obtenue grace

a la continuité de la fonction f sur ). De plus, la mesure surfacique de
'ensemble F' s’annule (car la £~ '-mesure de 'ensemble F s’annule).

D’autre part, comme I’application (0; f)oG appartient a I’espace L*°(2),
il existe un ensemble E; de L4 " -mesure nulle tel que

(A.15) 1(005.1) © G) (@ Lo -r,r) < 1(05f) © Gl oo i)
pour tout ¢ € w\ Ej. Comme G(p,t) = v*(t/R), cette relation entraine que
(A.16) 105 £) e ¥¥l e qo,1p < 1105 fll e ()

pour tout z € G((w \ Ej;) x {R}). Grace a la relation A.13, la relation
précédente a lieu a fortiori pour tout z € 9\ F}, ol

Fj = G(EJ X {R})

Notons que la mesure surfacique de 'ensemble F} s’annule car la L£4-1
mesure de ’ensemble E; s’annule.

Ainsi, les relations A.14 et A.16 sont satisfaites pour tout ¢ € [0, 1],
pour tout z € 9N \ ﬁ, et pour tout j, ou F:=FU (UjF}). La preuve est
complete. O

Remarques A.6. 1. Sous les hypotheses du corollaire précédent, l'on a
également 1’égalité

1
(A.17) f(z) = f(z%) + /0 8jf($0 + s(x — xo))(xj — x?)ds

pour tout z € aﬂ\ﬁ (donc pour presque tout z € 92) et pour tout x appar-
tenant au segment [2°, z]. Pour le montrer, il suffit de faire le changement
de variable ¢t = rs dans l'intégrale apparaissant dans la formule (A.12) et
d’utiliser la relation

2. En appliquant les formules (A.9) et (A.17) pour chaque composante,
on observe que celles-ci restent valables pour des fonctions f a valeurs ma-
tricielles. C’est sous cette forme matricielle que ces formules sont utilisées
dans les troisieme et quatrieme chapitres.
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3. LE THEOREME 3.2 EST UNE CONSEQUENCE DU THEOREME 3.1

Les notations et les conventions sont celles du troisieme chapitre. Ra-
pellons d’abord 1’énoncé du Théoreme 3.1 du troisieme chapitre (voir le
Théoreme A.3 ci-dessous) et du Théoreme 3.2 du troisieme chapitre (voir le
Théoreme A.4 ci-dessous) :

Théoréme A.3. Soit Q un ouvert conneze et simplement connexe de R,
On se donne deuz champs de matrices A € LS (Q; M) et B, € LS (Q; M%)
tels que

OaAp + AgAp = 03Aq + AgA, dans D' (; I\\/JIZ),
OaBg + BaAp = 03B4 + BsAy dans D'(Q;MH).
Soient donnés un point z° € Q et une matrice YO € M%t. Alors le systéme

0.Y =Y Ay + By dans D' (8 Mq’l),
Y (%) =Y

admet une solution unique dans Wli’coo(Q; M.

Théoreme A.4. Soit Q un ouvert conneze et simplement connexe de R,
On se donne trois champs de matrices Ay € LY (Q; M), B, € L3 (; M%)
et Co € L2 (1, M) tels que

(A.18) OaAg + AaAg = 03Aa + AgAa,
(A.19) 06Cps + CCa = 03C + CaCl
(A.20) 0aBg + BaAg + C3Bo = 3By + BgAa + CaBs.

Soient donnés un point z° € Q et une matrice YO € M9, Alors le systéme
0,Y =Y Ay + C,Y + B, dans D'(; M%),

(A.21) Vi) — o

y y 17 . ,l
admet une solution unique dans W2 (€; M?*).

Le Théoreme A.3 a été démontré au troisieme chapitre. Le Théoréme A.4
peut étre démontré par une méthode analogue, mais cette démonstration
n’a pas été détaillée. Le but de cette section est d’établir le Théoréme A.4
comme une conséquence du Théoreme A.3. Pour ce faire, on a besoin des
deux lemmes suivants.

Lemme A.5. Soit Q un ouvert de R%. On se donne un champ de matrices
X € Wfli’fo(Q;Ml) tel que la matrice X (x) soit inversible pour tout x € €.

Alors le champ de matrices X' : Q — M, défini par X 1(z) := (X (z))!

pour tout x € S, appartient a l’ensemble I/VI})SO(Q, M) et satisfait la relation

Ou( X1 = X109, X)X L.
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Démonstration. Comme X € I/Vlicoo(Q, M), il admet un représentant continu

X € C%Q;M!) par les inclusions de Sobolev. D’autre part, la matrice X ()
est inversible pour tout x € ). Ceci entralne que, pour tout ouvert w tel que
w € €, il existe une constante ¢ := e(w) > 0 telle que

det X (z) > ¢ pour tout z € @.

Comme X € Wli’COO(Q;Ml), la formule donnant la matrice inverse montre
alors que le champ de matrices X ~! appartient & I’espace Wli’COO(Q; M.

Comme les champs X et X! appartiennent a 'espace VVlifo (Q; M),
I'on peut dériver 1’équation X (X ') = I; au sens des distributions; 1’on
obtient ainsi que

(X)X 14+ X0,(X 1) =0e M,
donc que
Oa( X = -X"10, X)X 1.
O

Lemme A.6. Soit Q un ouvert conneve de R? et soit X € Wﬁ)’coo(Q;Ml)
une solution du systéme

(A.22) 0uX = XA, dans D’(Q;Ml),a =1,2,...,d.

On suppose qu’il existe un point 20 € Q tel que la matrice X (z°) soit inver-
sible. Alors la matrice X (x) est inversible en tout point x € ).

Démonstration. Supposons par I’absurde qu’il existe un point 2 € Q tel que
la matrice X (x!') ne soit pas inversible. Par conséquent, la matrice trans-
posée X (x')T admet une valeur propre nulle, ce qui entraine I’existence d’un
vecteur non nul v € R tel que

X@@HYT'v=0eR.

Comme le champ X satisfait le systeme (A.22), le champ de matrices
(vIX):Q — MY défini par (v X)(z) := vl X (z), satisfait le systeme

da(vIX) = (vIX) A, dans D'(Q; M),
vIX)(z') =0e M,

Or le champ de matrices identiquement nul est aussi solution de ce systeme.
Le résultat d’unicité fournit par le Théoreme A.3 appliqué au systéme ci-
dessus montre alors que le champ de matrices (v? X) est identiquement nul
dans Q. En particulier, (v X)(z%) = 0. Or la matrice X (2°) est inversible
par I'hypothese, ce qui entraine que v = 0. Or cette égalité contredit le fait
que v est un vecteur propre associé & la matrice X7 (z'). On conclut alors
que la matrice X (x) est inversible pour tout = € Q. O

On est maintenant en mesure de montrer que le Théoreme A.4 est une
conséquence du Théoreme A.3. La preuve en est comme suit :
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Démonstration. On construit une solution du systeme (A.21) de la maniere
suivante : On résout d’abord les systemes

DaX = XA, dans D'(Q; M),

(A.23) X(2%) = I,

ou I; est la matrice identité dans M, et
O0aZ = CyZ dans D' (; M),

2 26 = 1y

ou I, est la matrice identité dans MY.
On résout ensuite le systeme

9,V = Z7'B, X! dans D' (Q; M%),

(A.25) Vi) — 70,

ou X et Z sont les solutions des deux systemes ci-dessus, qui sont inversibles
en tout point de ) grace au Lemme A.6.
Finalement, I’on définit le champ de matrices

(A.26) Y = 2ZVX

et 'on montre qu’il est 'unique solution du systeme (A.21).
La preuve est en quatre étapes.

i) Le systeme (A.23) admet une solution unique X € Whoe QM) et le
1

ocC
systéme (A.24) admet une solution unique Z € VV&’COO(Q;M‘I). De plus, les
matrices X (x) et Z(x) sont inversibles en tout point x de Q.

Le Théoreme A.3 et la relation (A.18) assurent l'existence d’une solution
unique X du systeme (A.23). De plus, la matrice X (z) est inversible pour
tout = € € grace au Lemme A.6.

On observe que le champ Z est solution du systeme (A.24) si et seulement
si le champ des matrices transposées Z7 est solution du systeme

0oZ" = ZTCT dans D'(;MY),
7T (2% =1,.

Or ce dernier systeme admet une solution unique grace au Théoreme A.3 et
la relation

0.CF + CLCE = 05CT + CFCY,
qui est déduite de la relation (A.19). De plus, la matrice Z(x)? est inversible

pour tout x € € grace au Lemme A.6. Donc la matrice Z(x) est également
inversible pour tout x € .

.. \ . . 1,00 .
(ii) Le systéme (A.25) admet une solution unique V € W2 (€; M41).

ocC
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Montrons que I'on peut appliquer le Théoreme A.3 au systeme (A.25).

Pour ce faire, il suffit de montrer que les champs de matrices B, 1= Z 1B, X !
appartiennent a I'espace LS. (€ Mt ) et qu’ils satisfont la relation

85§a = 8a§3 dans D’(Q;Mq’l) pour tout a, 5.

Premierement, l’étape précédente et le Lemme A.5 montrent que les
champs de matrices X! et Z~! appartiennent respectivement aux espaces
WE(Q; MY) et Wm>(Q; M) et qu'ils satisfont les relations

loc loc
Ou(X™H =—-X"10,X)Z71,
0u(Z7YY = -2 0,2)Z7 .

Comme B, € L (Q; M%) par 'hypothese, ’on obtient que B, € Lys (S M),

loc
Deuxiémement, les champs B, (qui appartiennent en particulier & 1’es-

pace de distributions D’(€2; M%)) satisfont la relation
85§a = aaég pour tout «, (3,
au sens des distributions. Pour le voir, calculons d’abord la dérivée
83Ba = 03(Z ' BoX 1)
= (082 N)BaX '+ Z7H03Ba) X ' + Z7'Ba (05X )
= -7 YN0s2)Z ' Bo X 1+ Z71(05Ba) X 1 — Z7'Bo X 1 (95X)X !
=21 ((C32)Z7'Bs — 93Ba + B X H(XAg)) X!
ce qui donne finalement
(A27)  93Ba = —Z 1 (CpBa — d3Ba + BaAg) X* dans D'(§; M%),

Notons que dans les relations précédentes, le produit entre la dérivée au sens
des distributions d’un champ de matrices appartenant & l’espace LS (9 M)

et un champ de matrices appartenant a l’espace VVl (Q Mq’) est bien
défini au sens des distributions; par exemple, le produit (M 03B,), ou M :=

(M) € I/Vl}moo (Q; M), est donné par ses composantes (M0OgB,)i; définies
par

q
< (M03Ba)ij,p >= > < Mip(93Ba)kj, ¢ >
k=1

q
Z < aﬁ k:]a Migp >= — Z/ kjaﬁ 1’“('0) dx

1

k=
pour tout ¢ € D(Q) (voir aussi I’étape (ii) de la preuve du Théoreme 4.1 du
quatriéme chapitre pour une définition similaire).
De la méme maniere, I'on obtient

(A28)  9.Bs=—Z2"1(CaBs — 0aBs + BaAs) X! dans D'(€; M%),
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L’hypothese (A.20) montre alors que les membres de droite des relations
(A.27) et (A.28) sont égaux, ce qui entraine que

aﬁéa = 8a§ﬁ dans D' (Q; M%!).

Donc les hypotheses du Théoreme A.3 appliqué au systeme (A.25) sont satis-
faites, ce qui entraine ’existence et I'unicité de la solution V' € I/Vl(l)’coo (; Mq’l)
de ce systeme.

(iii) Le champ de matrices Y = ZV X est une solution du systéme
(A.21).

En effet, I’'on déduit de tout ce qui precede que le champ de matrices Y
appartient a l’espace VV&(?O(Q, M) et qu'il satisfait 1’équation (au sens des
distributions)

00Y = (0o Z)VX + Z(0,V)X + ZV(0,X)
= (CoZ)VX + Z(Z'BX )X + ZV(X Ay)
=C.Y + B, +YA,,
et ’équation
Y (2°) = 1,Y°r, = Y°.
(iv) Le systéme (A.21) admet une solution unique.

Soit Y,V € Wb (Q; M%) deux solutions du systeme (A.21). L'étape (i)
et le Lemme A.5 montrent que le systeme

0aZ = CoZ dans D' (; M),
Z(a°) = 1,

admet une solution unique Z € I/VI})fO(Q;Mq), que la matrice Z(x) est in-

versible pour tout € €, et que Z~! € WI’OO(Q; M9).

Alors les champs de matrices T := Z *IOICY et T = Z-1Y appartiennent
a l'espace I/Vlicoo (€; M%) et satisfont le systeme
daT = TAy + Z7' B, dans D'(; M%),
T(z%) =Y°.
En effet,
0aT = 00(Z7HY + Z71(0,Y)
= —ZN0uZ)ZTY + Z7H (Y Ay + CoY + By)
=727 YCu2)Z7YY + Z7Y (Y Ay + CLY + B,)
=7 YA, + Z 'B,.

Le Théoréme A.3 montre alors que T' = T, donc que Y = Y dans Q. La
preuve est complete. O
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Remarques A.7. 1. La preuve précédente montre en fait que la resolu-
tion des systémes tels qu’ils apparaissent dans les Théoremes A.3 et A.4 se
ramene a la resolution de deux systemes plus simples, a savoir

aX = XA, dans D'(Q; M),

A.29

( ) X(ZEO) = Il?

et

(A.30) 0,V = F, dans ’D’(Q; IMICI,Z)7

V(2% = VO,
ot A, € L2 (Q; M), F, € L2 (; M), V0 € M9 sont tels que

loc loc
OaAp + AgAg = DgAq + AgA, dans D'(Q; M),
OoFj3 = OgF, dans D'(Q;M?!),

Les solutions X et V ci-dessus appartiennent alors respectivement aux es-
paces VV&)’(:OO(Q;MZ) et VV&’;’O(Q;M‘]’Z).

2. L’existence et unicité de la solution du systéme (A.29) est obtenue
en suivant la preuve du Théoreme A.3 donnée au troisieme chapitre. Cette
preuve, qui comporte six étapes numerotées (i)-(vi), peut étre légerement
simplifiée en établissant le résultat de I’étape (iv) a 'aide du Lemme A.6. Il

s’agit de montrer que le systeme
daY =Y A, dans D'(B(y,r); M),
Y(y) =Y. e M,

admet une solution Y € Wl’OO(B(y, r); M), sachant que le systéme

loc
daX = X A, dans D' (w; M),
X(@) =1 e M,
admet une solution X € V[/Ii’coo(w; M), olt w est un ouvert connexe contenant

la boule B(y, ) et T est un point de w. Comme la matrice X (z) est inversible
pour tout = € w grace au Lemme A.6, le champ Y donné par

Y (z) == Y.(X(y)) "' X (z) pour tout = € B(y,r),

est bien défini et satisfait le systéeme ci-dessus.

3. La preuve du résultat d’existence et unicité de la solution du systeme
(A.30) est beaucoup plus simple. Elle est obtenue en suivant, tout en sim-
plifiant, la preuve du Théoreme A.3. Il est facile de voir que 'hypothese de
regularité des F,, a = 1,2, ..., d, peut étre affablie puisqu’il suffit de prendre
F, € Lfoc(ﬂ; M%!), 1 < p < oo. Dans le cas oi1 2 est 'espace R? tout entier,
il a été établi dans Schwartz [10] (voir le Théoreme VI, p. 59) que le systéme
0,V =F,, a=1,2,...,d, admet une solution unique modulo les constantes

lorsque F,, € D'(RY).
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