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General idea

Problem

Deriving macroscopic laws from a microscopic description of the
system dynamics.

e Two scalings:

> in space (discrete — continuous)

> in time (diffusive behavior = diffusive scale tN?)
e Non-equilibrium: initially, local equilibrium holds.

Main idea

Hydrodynamic limits = Propagation of local equilibrium
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Model for heat conduction

e Chain of N harmonic coupled oscillators on the torus

Ty = {0,1,...,N — 1}

p; : momentum of particle z,
r, . distance between the particle z and z + 1.
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Model for heat conduction

e Chain of N harmonic coupled oscillators on the torus

Ty = {0,1,...,N — 1}

p; : momentum of particle z,
r, . distance between the particle z and z + 1.

e A typical configuration is w = (r,p) € (R x R)T¥

r= (TI)CL’ETN7 P= (pE)JTETN'
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Pz
Ty

: momentum of particle z,
: distance between the particle z and z + 1.

e An Hamiltonian system described by

2 2
H = 2: £E€§lé’:: 2: €x.

z€T N z€TN

e Newton’s equations:

dry

7dt = Pz+1 — Pz
dp. E Rt

dt — Tz x—1

e Conserved quantities:

oo > e d e
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e Deterministic evolution: Newton’s equations
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e Generator: for all f: Qy — R, define Ay(f) : Qy — R by
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Evolution of the configuration w(?)

Configurations: w,(t) := (p(t), rz(t)) in Qn = (R x R)Tv.
e Deterministic evolution: Newton’s equations

dw

i F(w(t))
e Generator: for all f: Qy — R, define Ay(f) : Qy — R by
Av (D) = Fw)-
Explicitely,
of of
AN(f) = (pm 1— pz) : + (Tm - Tm—l) :
IGZTN " or, Op.
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e We add a stochastic noise = provides ergodicity.
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e We add a stochastic noise = provides ergodicity.

Each particle  waits independently a random Poissonian time
and then flips p, into —p,.

The new configuration is denoted by (r, p*).




e The generator of the dynamics is:
Ly = An + 7S,

where




... and its invariant measures

e Two conserved quantities:
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... and its invariant measures

e Two conserved quantities:

Z rz . the total deformation, Z e, . the total energy
z€TyN z€TN

e Family of invariant measures: the Gibbs states

efﬁezf)\rz

N
ppA(dr, dp) = H ——————drydp,.
z€Tyn Z(57)\)

> Chemical potentials: 5 > 0, A € R,
> Hilbert space: L*(u} ).
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Ergodicity of the infinite dynamics

= No other conserved quantities in a suitable sense:

10/ 29



Ergodicity of the infinite dynamics

= No other conserved quantities in a suitable sense:

Theorem 1.1 [Fritz, Funaki, Lebowitz, 1994]

If v is a probability measure on (R x R)? which
@ has finite entropy density,
@® is translation invariant,

@® is stationary for the infinite dynamics,

then v is a convex combination of (infinite) Gibbs states.
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Local equilibrium

The Gibbs local equilibrium measures associated to the
profiles r and e defined on T = [0, 1] are

z x
oo (- () - (%))
N
a0y \(- (dI‘, dp) = drxdp:m
B(-)A() $EIE[N Z30yA0)
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Local equilibrium

The Gibbs local equilibrium measures associated to the
profiles r and e defined on T = [0, 1] are

X X
e (-4 () e () =)
N
KBy, (dI‘, dp) = drxdp:m
A0 ng Za() ()

where 5(-) and A(-) are the two chemical potential profiles
related to r(-) and e(-) by the thermodynamical relations:
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Local equilibrium

o Initially,

> a local equilibrium g} on (R x R)™ which is associated
to a deformation profile rg and an energy profile ¢y on the
torus T = [0, 1]:
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Local equilibrium

o Initially,

> a local equilibrium g} on (R x R)™ which is associated
to a deformation profile rg and an energy profile ¢y on the
torus T = [0, 1]:

For any continuous G on T, § > 0,

. N || 1 _
A}gnoouo ZG( )rx /G v)ro(v)dv| > 9§ 0.

IET

]}gnoouo N Z G(N> ex—/TG(v)eo(v)dv >0 =0.
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Diffusive scaling
e We study the process in the diffusive scale, at time tN?:

> the new generator is N?Ly,

> the law of the process is denoted by pl.

13/ 29



Diffusive scaling

e We study the process in the diffusive scale, at time tN?:

> the new generator is N?Ly,

> the law of the process is denoted by pl.

e The relative entropy of the probability law p with
respect to the probability law v is

H(,u|y)231}p{/xf d,u—log(/xef dl/>}.

(the supremum is carried over all bounded functions f)
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Theorem 2.1.

We suppose that uév is a Gibbs local equilibrium associated to
the profiles ey and ry:

N N
Fo = HBo(),x0()

Then, ,u{v is close to the Gibbs local equilibrium associated to

the profiles e(t,-) and r(¢,-) defined on Ry x T and solutions of
o _1 o
ot v 0¢%

de 1 a?( r2> {eEO Z:eo(q)
_ e+ , ’ ’

a2y 0¢
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Theorem 2.1.

We suppose that uév is a Gibbs local equilibrium associated to
the profiles ey and ry:

N N
Fo = HBo(),x0()

Then, ,uiv is close to the Gibbs local equilibrium associated to
the profiles e(t,-) and r(¢,-) defined on Ry x T and solutions of

or_1 o
gty 9¢* {1‘(07@:?0(@,
ge _1 O ( .1 e(0, ¢) = eo(q),
ot 2y 0q¢? 2/’

in the sense:
N, N
H (Mt ’Nﬁ(t,~),>\(t,~)> = o(N)
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Remark

e Conclusion Hy(t) := H (u{v\ué\f(t’.) ) = o(N) implies:

7)‘(1:7)

Hydrodynamic limit

For any continuous G on T, “any” local function ¢, and é > 0,

50 () o~ foow st el >4

— 0,
N—oc0

where ¢ is the grand-canonical expectation of ¢ (under 13 ).
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Remark

e Conclusion Hy(t) := H (M{V\ué\f(t’.) ) = o(N) implies:

7)‘(t7)

Hydrodynamic limit

For any continuous G on T, “any” local function ¢, and § > 0,

7o) fowaetnmonal -

— 0,
N—oc0

where ¢ is the grand-canonical expectation of ¢ (under 13 ).

e Key ingredient is entropy inequality: for all o > 0,

Hy(t) 1 N
/9 dpp’ < v () + alog (/ e d:ug(t,-),)\(t,-))

(67
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What are the main issues?

® Non-gradient system:

deg

- = [Pr+2Te+1—DPot+17z)(t) but pyri175(t) is not a gradient.

= need to compute the “fluctuation—dissipation” equations.
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What are the main issues?

® Non-gradient system:

deg

- = [Pr+2Te+1—DPot+17z)(t) but pyri175(t) is not a gradient.

= need to compute the “fluctuation—dissipation” equations.

® Second order approximations for the relative entropy:

= need to correct the local Gibbs equilibrium.

® Large energies:

= need to control all energy moments.
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How to prove the theorem?

e We correct the local Gibbs equilibrium:

et R () Py,

¢ z€TN
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How to prove the theorem?

e We correct the local Gibbs equilibrium:

et R () Py,

¢ z€TN

[Funaki, Uchiyama, Yau, 1996; Olla, Tremoulet, 2002]
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How to prove the theorem?

We correct the local Gibbs equilibrium:

e T ) G b () g,
z€Ty

[Funaki, Uchiyama, Yau, 1996; Olla, Tremoulet, 2002]

Goal: a Gronwall estimate for Hy(t) := H (uﬂz/fv)

dHy (1)
dt

< O Hy(t) + o(N).

> All estimates are uniform in ¢ € [0, 7], T fixed.
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Which techniques?

N
dv;

d#i\jo

dHy (¢ 1 do
v | Léiv (N‘%w —f;;)] apl’

e Reduce the problem to densities: if ¢} =
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Which techniques?

N
dv;

dpto
< R v

e Perform a Taylor expansion of

: <N2 in—W)

e Reduce the problem to densities: if ¢} =

oV dt

with respect to 1/N.

18/ 29



Fluctuation-dissipation equations

e Obtain the fluctuation-dissipation equations:
Ly(rz) = V(pot1) and  pr1 =V (fz) + LN(9s)s

ACN(eac) = V(pa:-i-lrw) and Pz1Tz = \% (hx) + ‘Cﬂj\/(kx)

where L}, is the adjoint of £y on LQ(MéV’/\).
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Good choice of the correction term

a(2) k(5]
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Fluctuation-dissipation equations

Obtain the fluctuation-dissipation equations:
Ly(rz) = V(pot1) and  pr1 =V (fz) + LN(92)s

ACN(eac) = V(]%-i—l"’m) and  pyyirpy =V (hx) + EE(kT)
where L}, is the adjoint of £y on LQ(ué\f/\).

[Bernardin, Kannan, Lebowitz, Lukkarinen, 2011]

Good choice of the correction term

w () k2 () o]
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One-block estimate

e Replace the average

N
Z P by / PO A5, () ne ()
IEA@ )

where (y(-) and Ag(-) are the profiles associated to the
microscopic average energy and deformation profiles
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One-block estimate

e Replace the average

N
Z P by / PO A5, () ne ()
IEA@ )

where (y(-) and Ag(-) are the profiles associated to the
microscopic average energy and deformation profiles

= Standard technique from [Olla, Varadhan, Yau (1993)].
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Control of large energies

e Why?
> One-block estimate: cut-off moments of order k < 2.
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Control of large energies

e Why?
> One-block estimate: cut-off moments of order k < 2.

> Taylor expansion: we need to estimate

/ (zp (;)) ot

e What do we need? Uniform control:
VE>1, / S eb|du) < C-N,
z€Ty
where C' is a constant which does not depend on N and t.
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How to estimate / (Z e];> dulN?

z€TN

e Usually, the entropy inequality reduces the problem to

estimate:
/exp (5 Z ef) d,ug)\

z€Tyn
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How to estimate / (Z ef;> dulN?

z€TN

e Usually, the entropy inequality reduces the problem to

estimate:
/exp (5 Z ef) d,ujﬁv)\

z€Tyn

= infinite for all £ > 2 and all § > 0.

Theorem 2.1

If pd is a local Gibbs equilibrium, then there exists a constant
C that does not depend on N and ¢ s.t.

Vik>1, /(Z e’;) duY < (C-k)*-N.

z€Tyn
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Idea of the proof

o If ,uév is a local Gibbs equilibrium state “g)(J o) then u
is a convex combination of Gaussian measures

i) = [ Gl dp'(m, )
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Idea of the proof

o If 1l is a local Gibbs equilibrium state u% ., ., then
Mo FBo(),20() i
is a convex combination of Gaussian measures

i) = [ Guo) dp'(m, ©)
where p! is the law of the r.v. (my, Cy) € RV x Gyn(R):

> (my, Cp)e>o is an explicit Markov process given by (w;):>0,
> m; represents the mean vector,

> (; represents the correlation matrix.
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Idea of the proof

If ,uév is a local Gibbs equilibrium state ué\g(.) 2o()? then u
is a convex combination of Gaussian measures

N
i) = [ Gucl) dp'(m. 0)
where p! is the law of the r.v. (my, Cy) € RV x Gyn(R):
> (my, Cp)e>o is an explicit Markov process given by (w;):>0,
> m; represents the mean vector,

> (} represents the correlation matrix.

[Bernardin, Kannan, Lebowitz, Lukkarinen, 2011]
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e Consequently,

/(Z eﬁ) dpy’ :/Gm,c (Z e’;) dp'(m, C).

€Ty z€T N
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e Consequently,

/(Z eﬁ) dpy’ :/Gm,c (Z e’;) dp'(m, C).

z€Tyn z€T N

e We are reduced to estimate

Gm,c (Z 65) :=/<Z e’;) dGm,c,

z€T N €T N

“easily computable” thanks to the process (my, Cy).
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Final theorem

Let 1l be a convex combination of Gibbs local equilibria, close
to the local Gibbs equilibrium associated to ey and rg, in the sense:

Ny, N
H (Mo |M/30(.),,\0(.)) = o(N)

Then, u? is close to the Gibbs local equilibrium associated to the
profiles e(t,-) and r(t,-) defined on Ry x T and solutions of

OENING T

oty 9¢* {rmm:ro(q),
oe_ 1 & e(0, g) = eo(9),
ot 2y 0q¢? 2/’

in the sense:
H (Mmﬂg(u.),x(t,)) = o(N)
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In the future...

e Same model in a non homogeneous environment?
> Add a random mass m, on each atom z.
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In the future...

e Same model in a non homogeneous environment?
> Add a random mass m, on each atom z.

e In a non-equilibrium state? (in contact with reservoirs)

e Macroscopic fluctuations?
> e.g. large deviations for the current of energy.
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Thank you for your attention.
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