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Motivation

Aim : Show a link between mean characteristics of the Voronoi cells and
local characteristics of the manifold
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Framework

M compact Riemannian manifold, with its Riemannian metric d,
dx volume element induced by the metric,

® Poisson point process of intensity Adx and xp € M added to &,
The Voronoi cell of xp defined by

C(xo,®) ={y € M,d(x0,y) < d(x,y),Vx € o}

N the number of vertices.

Aurélie Chapron Modal'’X (Paris Ouest) and LMRS (Rouen)

Voronoi diagram on a Riemannian manifold



Outline

@ Two-dimensional case

9 Ongoing work on the dimension > 3

© Probabilistic proof of Gauss-Bonnet theorem
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Two-dimensional case

Mean number of vertices on the sphere

wlog, assume xg to be the North pole on the sphere of constant
curvature K (of radius #)

3K _a (3K
E[N(C)]—6—ﬁ+e & (ﬁ+6)

Miles (1971) : n uniform points on the sphere
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Two-dimensional case

Strategy for a general surface

Get this kind of formula for an arbitrary surface

Step 1: characterize vertices of C
Step 2: apply Mecke-Slivnyak formula

Step 3: use geodesic polar coordinates

e 6 o o

Step 4: make a Blaschke-Petkantschin type
change of variables

@ Step 5: find the volume of a geodesic ball

image:R.Kunze
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Two-dimensional case

Sketch of proof

|
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Two-dimensional case

Sketch of proof

E[N(C)] =E Z Z ]l{B(xo,xl,xz)ﬁ¢=(D}

x1,x2 €EP circumscribed balls

Step 1: characterize vertices of C
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Two-dimensional case

Sketch of proof

2
E[N(C)] = )‘? // y Z e—)\voI(B(xo,xl,xz))dxld)Q
X1,X€

circumscribed balls

@ Points "far" from xg contribute negligibly.

@ For points around xg, only one circumscribed ball contributes.

Step 2: apply Mecke Slivnyak formula
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Two-dimensional case

Exponential map

Around xg, M can always be
parametrized by its geodesic polar
coordinates (r, ¢), ie

x = exp,, (ruy)

Step 3: use geodesic polar coordinates
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Two-dimensional case

Rauch theorem

dx = f(r,p)drdg
Let K denote the Gaussian curvature.

Rauch theorem (1951)
Si0<di<K<A

sin(vV/Ar)
VA

Application: § = K(x) — &, A = K(x0) + ¢

sin(\v/6r)

< f(rp) < 75

Step 3: use geodesic polar coordinates
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Two-dimensional case

Sketch of proof

EIN A2 —Avol(B(xo,x1,%2))
[ ( )] 2 (f17LP1)e

(r2,02)
X (rl — K(X")’l +o(r; )) (rz — K(Xo)rz +o(r3 )) dridprdrndp, + O( /\)

Step 3: use geodesic polar coordinates
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Two-dimensional case

Sketch of proof

Step 4: make a Blaschke-Petkantschin type change of variables
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Two-dimensional case

Toponogov theorem

fo<K<A
d(q.r) < ds(q'.r)
¢
o 77 -
on S@) on S(A)

Step 4: make a Blaschke-Petkantschin type change of variables
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Two-dimensional case

Sketch of proof

R K(x0)R®

rn = 2sin(01/2) sin(61/2) cos®(61/2) + o( R?)

K(X%)Rﬁ sin(f2/2) cos®(02/2) + o( R*)

T 6 K(x)R?

P = 2sin(92/2)R —

_ T Kxo)R™ . 2
w1=@+ 53 + 7 sin(61) + o(R?)

02 | K(xo)R* .
o 2 =@+ g - 52 + K(o)R sin(62) + o(R?)

Step 4: make a Blaschke-Petkantschin type change of variables
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Two-dimensional case

Sketch of proof

menzzv(/

©

_ (01 . (6 . (01—06>
| = /01792 sin (2) sin (2) ‘sm ( 5 )‘d&ldeg

/ e_>‘V°|(B(Z’R))<R37 K(x;)RE' +o(R5)) dRdy + O(e—cA)
R

where

Step 4: make a Blaschke-Petkantschin type change of variables
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Two-dimensional case

Volume of small geodesic balls

Bertrand-Diquet-Puiseux theorem (1848)
When R — 0, xe S

K(z)w

vol(B(z, R)) = TR? — B

R4 4+ (R4)

Step 5: find the volume of the circumscribed ball
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Two-dimensional case

Result

TK(

x 4
E[N(C)] = 1272)2 [ o= MR == +o(RY)  [R3 — KLOR® 4 o(RS)|dR + O(e=<)

When )\ goes to infinity, Laplace's method yields

o 3K(X0) 1
E[N(C)] =6~ = +o 5
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Ongoing work on the dimension

The dimension n

The vertices of C

Aurélie Chapron MRS (Rouen)

Voronoi diagram on a Riemannian manifold



Ongoing work on the dimension > 3

The n-sphere of constant sectional curvature K

The Jacobian of the
Blaschke-Petkantschin type change
of variables (Miles 1971):

sin(VKR) " "
VK

The volume of a ball of radius R in S"(K):

J = nlA(xo, X1, .., Xn) (

L /R
V(R) = %/0 sin" 1(¢)dt
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Ongoing work on the dimension > 3

The n-sphere of constant sectional curvature K

Mean number of vertices

BN = £, — 56, + of5)

n

where
@ E, is the mean number of vertices in R”
e C, is a positive constant
@ Sc = n(n— 1)K is the scalar curvature of S"(K)

ool r(g))"ﬁ#)
E,=27mzn (r(%l) TS

—
=}

n+%72 r(n+%)|'

-3 =2 2
(-1 2) " rZ)

n
T2
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Ongoing work on the dimension > 3

Generalization to a n-manifold M

X0
Uy
The Blaschke Petkantschin type R
change of variables is written as
Xj = exp| eprO(Ruw)(Rui) Ui expr(Ru‘P)
S/ i R
,-‘/
p
Xi
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Ongoing work on the dimension

@ The Jacobian of this change of variables involves Jacobi fields

Jacobi fields

@ The Jacobian is

n n—1 n—1
J=nlA(x0, 1, %) [TTTIMERI- TT 4 (RN
i=1 k=1 j=1

@ Rauch theorem gives an asymptotic expansion of J
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Ongoing work on the dimension > 3

Volume of small geodesic balls

An expansion of the volume of a small geodesic ball on M is given by

vol(B(z, R)) = knR" <1 — 6(SnC(—|f)2)R2 + o(R2)>
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Ongoing work on the dimension > 3

Generalization to a n-manifold M

Mean number of vertices

. _SC(X()) o 1
EIN(C)] = £, — 232C, + o(55)

with
@ E, and C, the same constants as for the sphere
@ Sc(xp) is the scalar curvature of M at xg

E,=2n"7 "2 ( rz) >n L%ﬂ)

=S
re=h /) )
2 n 2 2
C o= 2 83 woa a2 ol TR ()
n 6n! (n—1)(n+2) r(Z)r(agtyn
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Probabilistic proof of Gauss-Bonnet theorem

Euler characteristic and Gauss-Bonnet theorem

S compact surface without boundary

Gauss-Bonnet theorem

2mx(S) = / K (x)dx
x€ES
For any graph on S,

x(S)=V—-E+F

V' vertices, E: edges, F: faces
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Probabilistic proof of Gauss-Bonnet theorem

Euler characteristic and Gauss-Bonnet theorem

S compact surface without boundary

Gauss-Bonnet theorem

2mx(S) = / K (x)dx
x€ES
For any random graph on S,

x(S) = E[V] - E[E] + E[F]

V' vertices, E: edges, F: faces
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Probabilistic proof of Gauss-Bonnet theorem

For the Voronoi diagram

In any Voronoi diagram,
@ Each vertex is in three cells
@ Each edge is in two cells

So we have the relation 3V = 2E

X(5) = EIF] - 3EIV]
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Probabilistic proof of Gauss-Bonnet theorem

Expression of E[V] and E[F]

3E[V]=E[ > N( ]—)\/e E[N(C(x,® U {x}))]dx

C cell

. 3K(x) 1
E[N(Cx, @ U{x})] =6 - = 27 + 0 (Q

E[V] = 2\ vol(S) — %/ K(x)dx + o(1)

x€ES
E[F] = Avol(S)

Aurélie Chapron Modal'X (Paris Ouest) and LMRS (Rouen)

Voronoi diagram on a Riemannian manifold



Probabilistic proof of Gauss-Bonnet theorem

Gauss-Bonnet theorem
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Conclusion

Take Home Message

@ Dimension 2:
— Link between mean number of vertices and Gaussian curvature
< Result available for surface of negative curvature (Isokawa 2000)
— Other mean characteristics: area, perimeter
— Elementary proof of Gauss-Bonnet theorem

@ Dimension n:

< Link between mean number of vertices and scalar curvature

— Perspectives: other characteristics to get other curvatures,
Gauss-Bonnet type results

oy
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Conclusion

Thank you for your attention!
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